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Preface 


Since the part played by the concept of a “group” as a funda- 
mental element of basic mathematics is universally recognized, it is 
desirable that the elements of the theory of groups should be taught 
from the secondary school, not as a supplementary chapter, but 
indeed as a basic part of the structure of mathematics. 

In spite of the vast movement to modernize the teaching of 
mathematics which is apparent throughout the world, most of our 
pupils leave the secondary school without having met this important 
mathematical concept. 

Thus we see the magnitude and the urgency of the task to be done. 

The aim of this book is to contribute to this indispensable reform 
by producing an introductory text to the fundamentals of the theory 
of groups. 

During this transitional period, it is intended equally for 
secondary school teachers, for university students, for students at 
training colleges, and for pupils in the higher classes of secondary 
schools. 

The author hopes that a great part of the material covered by 
this book will soon be integrated as basic teaching in secondary 
schools. For the present, it is imperative to teach the ideas of group 
theory without further delay. 


* * * 


Like all fundamental ideas, that of a “group”? must be freed from 
the particular form in which it has been defined. That is why 
Chapter 1 gives, as close together as possible, two equivalent defini- 
tions of groups and insists on the properties of the neuter and the 
symmetric of every element. 

Chapter 2 illustrates the idea of a group with examples and 
counter-examples, both equally important. 

Chapter 3 is especially useful in its applications to secondary school 
teaching and can clarify problems involving negative and fractional 
exponents as well as the roots of unity. 


Vil 


vill PREFACE 

In the first three chapters the actors are the groups and their 
elements. In Chapter 4 the theory moves to another plane by con- 
sidering privileged subsets, stable subsets and subgroups. Experi- 
ence shows that the study of subsets of known groups provides 
situations of great interest to the pupils. 

Chapter 5 reviews some supplementary results on commutative 

oups. 

a Chapter 6 we have sought to show how the use of group theory 
ideas animates and enriches the teaching of elementary arithmetic 
and leads quite naturally to the concepts of a ring and a lattice. 
The teaching of arithmetic along these lines is at the same time an 
excellent exercise for mastering group theory. The methods used 
are fundamental and may be applied time and again in further 
studies. 

Chapter 7 shows the important relations which can exist between 
different groups. In particular it discusses the homomorphism and 
isomorphism theorems which are fundamental in present-day 
mathematics. 

Chapter 8 is devoted to the specific study of permutations of sets, 
finite or otherwise. 

In Chapter 9 the introduction of the concept of a group with 
operators considerably extends the scope of the theory. With its 
help, the theory of vector spaces and that of ideals become attached 
directly to the common stem of group theory. 

The last chapter is devoted to the concept of dimension in the 
theory of groups with operators. The theorems of Jordan-Hdélder, 
Schreier and Zassenhaus will be found there. We know that this 
theory for groups with operators is essentially due to Emmy Noether 
and Krull. 

The text of the book assumes that the reader will do all the 
exercises which appear in the main body of the chapters. Even this 
is not enough. The reader will become thoroughly familiar with the 
many-sidedness of the theory of groups only by himself searching in 
his personal mathematical equipment for illustrations of the proper- 
ties studied. 

The revision exercises should allow the reader to check his attain- 
ments in group theory. They are sometimes used to introduce new 
ideas,-very important in algebra, but whose systematic exposition is 
outside the scope of this book. 

* «+ * 


PREFACE ix 


In the appendix there will be found a résumé of the main definitions 
and notations of set theory used in this book. We strongly advise 
that resort should be made to them only when necessary. 


* + * 


The coloured plates illustrate the theory more than the text itself. 
They present situations of a kind to inspire the reader and to increase 
his understanding. They suggest methods for the elementary teach- 
ing of the fundamentals of group theory. 
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Definition and Fundamental Properties 
of Groups 


81, INTRODUCTION 

From the most elementary level mathematics makes systematic 
use of operations or (binary) laws. Addition, multiplication, sub- 
traction and division of whole numbers are laws. A law associates 
with certain pairs (of elements) an element called the result. For 
example, subtraction associates the number 2 with the pair (5, 3). 
We note this fact by writing (5-3 = 2 |. Thus 5 — 3 is the 
result of the law — applied to the pair (5, 3). 

In general, we denote by a * b the result of the law « applied to the 
pair (a, δ). 

A law is said to be inner and everywhere defined in E if and only 
if it assigns to every pair of elements of E a result belonging to the 
set E. 

In other words, an inner law everywhere defined in the set E is a 
mapping of E x E into E. 

More formally, we can say: 

The law * is inner and everywhere defined in E if and only if 


Va,yel: ce yek 


If the law τ is an inner law everywhere defined in ἘΠ, we say that 
the set E is provided with the law *, and we call E, * an algebraic 
structure. 

It is easy to give numerous examples of laws. 

The H.C.F. and L.C.M. of positive integers define inner laws in the 
set w of positive integers. Intersection, union and difference define 
inner laws in the set AE of subsets of the set E.+ 

Two distinct points of ordinary space define a straight line. We 
are dealing here with a law defined only for distinct pairs of points; 
the result of the operation is a straight line: the law is thus neither 
inner nor everywhere defined. 


T Tr. See Appendix. 
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The foregoing examples, many more of which could have been 
cited, demonstrate the importance of the concept of a law in the 
most diverse branches of mathematics. 

This justifies the elaboration of a general theory. 

In particular, we shall study groups, i.e. sets provided with a law 

.satisfying special conditions. We shall see that Z,+; R, + ;7 
PE, A where A denotes the symmetric difference}; and the set of 
permutations of a set§ (provided with the product of composition) 
are all examples of groups. 

Before giving the precise definition of a group, let us note two 
properties common to the structures just considered. 

(a) We may always pass from a (binary) law involving two terms 
to an operation involving several terms. Thus, 


2x3 x 7 = (2x 3) x 7 
8... δ en ee 
In the first case, we have 
(2 x3) x T= 3 x (ὃ x 7) 
which is not so in the second case, since 
@-H=749-6-% 
We shall say that the law x is associative while the law — is not. 


Associativity. We shall say that the inner law « everywhere 

defined in the set E is associative if and only if 
(ax δὴ) τὸ = ax (ὃ κ 6) 

for all choices of elements a, b, c (distinct or otherwise) of the set E. 
The laws of the structures considered above are all associative. 

(b) If a and ὃ are rational integers} there exist rational integers x 
and y such that 

at+x=b=y+a 


(We even have ἃ = y as a consequence of the commutativity of +.) 
The same property holds in R, +. 


If f and g are permutations{ of E, there always exist permutations 


p and q of E such that 
fep=g= 49] 


7 Tr. See Ch. 2, §3. { Tr. See Appendix. § Tr. See Ch. 2, §5 (g). 
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This property, together with associativity, characterizes completely 
the law of a group. 


§2, DEFINITION OF A GROUP 
Definition. A group is defined as any non-empty set G provided 
with an inner law everywhere defined and associative and such that 
Va,beG,3i7,yeG: azxr=b=yxa (1) 
We denote by 
G, * 
the group formed by the set G provided with the law *«. When there 
is no fear of confusion, we sometimes write G instead of G, « 
Note: Since the law καὶ of the group G, « is inner and everywhere 
defined : 
Va,beG: a*xbeG 
The associativity of * implies 
Va, b,ceG: (a*b)*c = ax (ὃ κ ο) 
The reader should verify that the structures described at the 
beginning of this paragraph are indeed groups. 
In the case of PE, A note that if A, B e PE, then 


AA(AAB)=B=(BAA)AA 


§3. FUNDAMENTAL PROPERTIES OF GROUPS 
(a) Existence and uniqueness of the neuter} 
Let us consider a group G,*. (ThereforeG 4 z)t. LetgeG. 
From the definition of a group it follows that there exists (at least) 
one element n € G such that 


g*enrn=g (1) 
We shall show that 
VheG: hen=h (2) 
The definition of a group guarantees the existence of a keG 
such that 
h=kx«g (3) 


T Tr. This is sometimes called the unity or unit element. 
+ Tr. See Appendix. 
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From this we obtain successively 


hen =(keg)en (by (3)) 
= kx (g τ 7) (associativity of *) 
=kx«g (by (1)) 
; =h (by (3)) 
Thus 
han=h 
Q.E.D. 


Similarly we could have proved the existence of a left neutral 
element, i.e. an element m Ε G such that 


VgeG: m*eg=g 


We have just shown that the set M of left neuters and the set N 
of right neuters are non-empty. Let weM and veN and let us 
consider the expression w * v. 


Then 


wv = W 


since v is a right neuter, and 


wev=v 
since w is a left neuter. 
Thus, 
w= wev=v 
hence 


w= vd 


The last equality shows that every left neuter is equal to every 
right neuter. It follows that all left neuters are equal and that they 
are also equal to all right neuters. We have therefore proved that in 
the group G, * there exists a special element v which is at the same 
time the only left neuter and the only right neuter of the group. 

The neutral element ν of the group G, * is thus characterized by 
the property 

VgeG: veg=eg=g*y 


Let us recapitulate the main results and definitions we have just 
met. 
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Definitions. Let ἘΠ be a non-empty set provided with an inner law 
everywhere defined and written *. Every element n of E such that 
ἃ Ἢ = x for every « Ε E is called a right neuter for the law τ, 

Every element m of Εἰ such that m * x = x for every x Ε E is called a 
left neuter for the law x. 

Every element v of E which is simultaneously a right neuter and a left 
neuter, 1.6. such that vex =x = xv for every αὶ Ε ἘΠ, is called a 
neutral element for the law +. 


Proposition 1. Every growp contains a unique neutral element which 
is moreover the unique left neuter and the unique right neuter of the 
group. 

(b) Haistence and uniqueness of the symmetrict of every element of a 

group 


From the definition of a group we know that Gis non-empty. We 
now know that G contains a particular element: the neuter v. Let 
us make v play the part of the element 6 in the definition of a group 
(see 82). 

From this definition, for every a Ε G, there exist elements a’ and 
a" such that 

Ga =yvy=a'e«a (4) 


Then we have successively 


a" =a" *y (since v is the neuter of the group) 
= a" x (a*a’) (first equation of (4)) 
= (α" *a)*a’ (associativity of +) 
τε ν αὶ α' (second equation of (4)) 
= @ (neuter of the group) 


From which it follows that 
a’ _ a” 


We describe a * a’ = v by saying that a’ is a right symmetric of a. 
Similarly, a” is a left symmetric of a. The relation a’ = a” is valid 
for every right symmetric a’ and for every left symmetric a” of a. 
All the left symmetrics are therefore equal to any one right sym- 
metric. It follows that all the left symmetrics are equal and that 
they are also equal to all the right symmetrics. 

In other words, every element of a group has one and only one 


t Tr. Sometimes called the inverse of an element. 
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left symmetric and one and only one right symmetric and these 
elements are equal. vt a 

Let us recapitulate below the main propositions and definitions 
which we have just met. 


Definitions. Let G, + be a group whose neuter is given by v. . Given 
ge G, every σ΄ ΕΟ such thatg*g’ = v is called a left symmetric of q. 
Every g" €G such that g”*g =v 18 called a right symmetric of q. 
Every element of G which is simultancously a left symmetric and a right 
synumetric of g is called a symmetric of q. 


Proposition 2. In a growp every element g admits a unique sym- 
metric which is moreover the only left symmetric and the only right 
symmetric of this element. 


Notation. In the group G, * we denote by ὦ the symmetric of a. 


(c) Solution of equations in a group G, * | 
The definition of a group states that whatever the elements 
a, ὃ ε G, the equations 
axx=b 
yxa=b 


have solutions in G. 
Let us calculate them : 
The first of these equations implies 


ἃ ὶ (axa) = ἃ κα ὃ 

Hence, by associativity, 
(ὦ αὶ αὐ κα = ἂν ὃ 

and since ὦ πα = v, we get 


peux =ab 


and finally 
x= ab 
Similarly we could establish that 
y=bxa 


The definition of a group tells us that each of the equations 


azxz=b yra=b 
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has at least one solution. We now know that these solutions are 
unique since the given equations imply that 


x=G@*b and y=bea 


Thus we have proved the uniqueness of the solutions x and y to 
the equations 
axxn=b=yxa 


Proposition 3. Ina group G, *, for every choice of elements a, ὃ € G, 
there exisis one and only one element x € G and one and only one element 
y eG such that 


Qeetzb=yean 


The solution (a, y) is given by « = ἃ Ἐ δ, y = ba. 


(d) New characterization of the neuter 


The neutral element v of the group G, * obviously satisfies the 
relation 
vev=>=rPrT 


Let x be an element of ἃ satisfying 
“πα τὸ αὶ (δ) 


We shall prove that (5) implies x = ν. 
Equation (5) implies that 


ἄπ (ἀφ π xv) = δε α 
and it follows as a consequence of associativity that 
(Fe elev = Lez 


and since ὦ * x = ν, then 
and finally 


Q.E.D. 


Definition. Let KE, « be a set provided with the law πὶ everywhere 
defined. An element e of E is called an idempotent if and only if we have 


δ ὃ Ξξῷ ὃ 


Proposition 4. T'he neuter of a growp is its only idempotent. 
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§4. A NEW DEFINITION OF A GROUP 


Every group contains a neuter and every element of a group has 
a symmetric. 

We shall show that these properties together with associativity 
characterize groups (thus giving a new definition). 


Proposition 5. Let G be a set provided with an inner law *, every- 
where defined, associative and possessing a neutral element v. If in 
addition, every element of G possesses a symmetric in G, then G, * is a 
group. 

We must prove that for every a,b eG, there exist x, y¢G such 
that 

axx=b=yxa (1) 

The hypothesis tells us that a possesses (at least) one symmetric. 


Let a’ be a symmetric of a. 
We shall show that the elements ἃ = a’ «b and y = ᾧ « α' of G 


satisfy equations (1). 
In fact, 
ax = ax (a’ αὶ δ) (definition of «ἡ 
= (a*a’')*b (associativity of *) 
=vebh (property of the symmetric of an element) 
= (neuter of the group) 
Similarly 
ya = (ὃ κα αἼ κα (definition of ψ) 
= bx (a’ *a) (associativity of *) 
τ δεν (symmetric of an element) 
=} (neuter of the group) 
Q.E.D. 


Proposition 5 gives us a new definition of a group. 


Definition. Every set G, αὶ provided with an inner law, everywhere 
defined, associative, possessing a neutral element, and such that every 
element g Ε G has a symmetric belonging to G is called a group. 

This definition, like the first, confines itself to stipulating the 
existence of certain elements: a neuter, and a symmetric for every 
element. We know that this implies the uniqueness of the neuter 
and the uniqueness of the symmetric. 
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Proposition 6. In the group G, * every element is the symmetric of 
its symmetric. 
In other words: 


Vq eG: J Ξε 
Proof 
Tt is sufficient to note that the formula 
axb=yv=bxa 


expresses at the same time that ὃ is the symmetric of a and that a 
is the symmetric of 6. 


§5. INVERSE LAWS IN G, * 
We know that for every pair (uw, v) of elements of G the equation 
Tau = U 
has in G the unique solution given by 
r=usd 
Thus, with every pair (u,v) of elements of G let us associate the 
element u αὶ 0 of G, thereby defining an inner law in G, « 
Uwev=Uxs 
(In more detail: ἃ x G—>G: (u,v) >uwev = ux δ.) 
Similarly, the equation v « « = u hasthe uniquesolutionz = ὃ τ τι, 
thus defining the inner law 
Uev= δ 
We shall say that the laws * and * are the inverse laws of G, «. 
To distinguish them, we shall say that * is the right inverse law and 
* is the left inverse law. 
Nevertheless, simply for the sake of brevity, we shall frequently 
refer to * as the inverse law of G, «. 


Exercises 
1. In general, the law * is neither associative nor commutative. 
The element v is a right neuter for this law since ᾧ Ἐν = πεν = ἃ 
for every σε. This law does not in general possess a left neuter. 
2. In general it is not true that 


ὑπῶ τ Ἐν 
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Prove the formulae 


and 


tay =ieg 
3. In a group G, * we have 
x * yY=unxy 
4. In a group + =v. Show that this property does not always 
characterize the neuter v. 
§6. COMMUTATIVITY 
If a and ὃ are elements of the group G, *, we do not always have 
ατὖ = be. 
If in a group M, * we have 
Va,yeM: LEY = Y4*T 


we say that the group M, κε is commutative (we also say that the 
law * is commutative), 


Examples 


The groups R, +; Ro,.f are commutative. The symmetric 
group of a set consisting of at least three distinct elements is not 
commutative. 


More generally, we shall say that a law αὶ is commutative if and 
only if « *« y = y * x for all pairs (x, y) for which the law is defined. 


§7. THE SYMMETRIC OF A PRODUCT 


If ἃ and ὃ are elements of the group G, ", then so isa*b. This 
last element therefore has a symmetric a αὶ b which we shall find. 


Proposition 7. In a group G, κα 
Va,beG; azb=bed 
Proof 


Since the symmetric of an element is the sole right symmetric, it 
is sufficient to show that 


(α αὶ δ) « ( « ἃ) -τ ν 
tr. See Ch. 2, 88. tTr. See Ch. 2, §5 (g). 
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By associativity we can write 
(a x δ) « (b* a) = ((α « δ) « δ) « ἃ 
In fact, putting 


azb=c (2) 
we have 
(a κε δ) * (δ αὶ ἃ) = δ κα (ba) (by (2)) 
= (ὁ « δ) εἃ (associativity of *) 
= ((a*b)*b)*a (by (2)) 


From this we obtain successively : 


((a « δ) * δὴ « ἃ = (ax (bx b)) « ἃ (associativity of *) 


= (a*v)*@ (ὃ αὶ ὃ = νὴ 

ξ ἡ ἃ (αν = a) 

ξεν (symmetric of an element) 
Q.E.D. 


88, CANCELLATION 

In elementary algebra we learn to simplify a fraction by dividing 
each of its terms by the same number, and a little later on we some- 
times say that we simplify an equation by adding or subtracting the 
same term to or from each side. In both these cases we are in fact 
applying the property of cancellation of groups. 


Proposition 8. If a, b, c are elements of a growp G, *, then the equation 
a@*b =axc(l) implies b = c. Similarly, the equation a*c = ὃ κα 
(2) umplies a = ὃ. 
Proof 
We confine ourselves to proving the first part of the theorem. 
Equation (1) implies 
ἄ κα (ἃ αὶ δ) = ἃ κ (a*c) 
From this, by associativity 
(ἃ αὶ α) κ ὁ = (ἃ κ a)ec 
Remembering that ὦ * a = v, we have 


veb=vee 
and finally 
b=c 
Q.E.D. 


2 


Supplementary Comments—lIllustrations 
of the Idea of a Group 


81, EQUALITY 

We have several times used the equality sign = without explana- 
tion. Perhaps it would be of some use here to recall its meaning. 

When we write (α « b) x ὁ = a « (b πὶ 6) we simply wish to indicate 
that the collections of terms (a « ὃ) « ὁ and a « (b « c) denote the same 
element (or object). We shall keep as strictly as possible to this 
point of view. However we record that common practice in English- 
speaking countries sometimes deviates regrettably from this. Such 
would be the case if we described as equal two triangles which were 
different but superimposable. 


_ §2. ADDITIVE AND MULTIPLICATIVE GROUPS 


We often use the sign + or the sign - to denote the law of a group. 
A law whose sign is + is called addition and a group whose law is 
written + is sometimes referred to briefly as an additive group. 
The neutral element of an additive group is almost always written 0 
and is then called zero. The symmetric of the element x of an addi- 
tive group is written --- and is called the negative of the element 2. 
We then have — (—2x) = # and — (x + y) = (—y) + (—2). The 
(right) inverse law of an additive group is called subtraction and is 
written —. 

Thus 

Ὄπ πα + (—y) 
and 
erg = =e 


Some authors keep the sign + for commutative laws. 

A law written . is often called multiplication. The result of a 
multiplication is called the product. A group whose law is written . 
is often referred to briefly as a multiplicative group. The neutral 
element of a multiplicative group is called the unity or identity, and is 

12 
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usually represented by a symbol such 881,1, ε, ete. Ina multiplica- 
tive group the symmetric of an element ἃ; is called its inverse and is 
written α΄. We then have (2-1)? = wand (xz. ) "} = y=? . a}. 
The (right) inverse law of a multiplicative group is called division, 
or better still, right division. In the case of a commutative group, 
the inverse law is written /. 


Thus 
aly =a. ν᾽ 
and 
(x/y)-* = yl 
Exercise 


In a group G, + we have 


ua—-y=%+(—y) 
and 
a—(-y)=a+y 


In a commutative group G, - we have 
αν παν; wy παν; 


aly = y~*/x-* 
(a/y)-* = yla 
5,5 τὰ ie 


§3. STANDARD NOTATIONS 
We shall always denote: 


by ὦ the set of natural integers, 
(natural numbers) 
by Z the set of rational integers, 
by Q the set of rational numbers, 
by R the set of real numbers, 
and by C the set of complex numbers. 


We shall denote by ων the set ὦ without the element 0, and we 
shall define in the same way Zo, Qo, Ro, and Cp. 


We then have 
w = {0, 1, 2,3,...} 
a = w {0} = {1, 2, 3,...}1 
ee eee ee eee 
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2, w Bh «A, 8, HQ) 
Q = {a/b} α εΖ, ὃ εἰ} 


Qo = Q\ {0} 
= {a/b} α Ε Zo, ὃ Ε wo} 
Ro = R\ {0} 
C = {a + bija,beR} 
Co = ΟΝ 0) 


We shall denote by R* the set of positive real numbers, and by 
R~- the set of negative real numbers. Quite naturally, Rj denotes 
the set of strictly positive reals, and Rg the set of strictly negative 
reals. For every subset P of R, we shall write 


‘ Pt = PNOR*tt 
and 
Ps = PAR 
We then have 
Qo {—a/b } a, ὃ € wo} 
at 


2 —w = {—ninew} 


a 


$4. EXAMPLES OF LAWS WHICH ARE NOT LAWS OF GROUPS 


We shall better understand the concept of a group by examining 
laws which do not satisfy all the conditions required of the laws of 
groups. 

(a) Addition in ὦ is an inner law, everywhere defined, associative, 
(and commutative) ; it admits a neutral element, and the cancellation 
rule holds. However, it is not a law of a group. To see this, it is 
sufficient to note that the equation 87 + 2 = 49 does not possess a 
solution in w. 

(b) Subtraction in Z is a law which is everywhere defined but not 
associative. This law is not commutative; it admits a right neuter , 
but not a left neuter. 

(c) Multiplication in w is a law everywhere defined and associative, 
but it is not a law of a group. Why? 

(ἃ) Exponentiation in wo, i.e. the law defined by a « ὃ = a, is an 
inner law, everywhere defined; it is not associative. (How would 
you prove this?) This law is not commutative. It admits a right 
neuter but not a left neuter. (What is this right neuter ?) 


{ Tr. See Appendix. 
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(6) If a and ὃ represent points of ordinary space E, let us denote 
by @ τ ὃ the middle of the segment [ab]. In particular a x @ = a for 
every point of the space. Can you deduce that E, « is not a group? 
(Justify your reply in detail.) Is the law + associative? Does it 
admit a neuter ? 

(ἢ) Ifa and ὃ represent points of ordinary space Εἰ, denote by a α ὃ 
the point of the segment [ab] which divides this segment in the 


proportion 1/3. 
0 a l 
; 


a*b 


How can we show very quickly that E, « is not a group? 

(g) The set AE of subsets of the non-empty set E, provided with 
intersection, is not a group: In fact we have PM P = P for every 
subset P of E. 

Why did we have to assume Εἰ # ὦ ἢ 

(h) Let Ebeanyset. Show that AE, Ut is a group if and only if 
E = @. 

(i) Show that PE, \, is not a group when E ¥ g. 

(1) If ἃ and ὃ denote natural numbers, we denote by a A b the 
H.C.F. of aand b. Show quickly that w, A is not a group. 

Do the same for the law L.C.M. which we write v . 

We note that the laws A and ν are inner laws, everywhere 
defined, associative and commutative. Moreover, each of these laws 
admits a neutral element. The reader is asked to find these neutral 
elements. 

(k) Denote by II a plane considered as a set of points. Let 2 
be the set of straight lines in II. Ifa and ὃ are distinct non-parallel 
straight lines belonging to Y, we denote by a*b their point of 
intersection. ‘The law thus defined in ZY is commutative; it is not 
inner nor is it everywhere defined. 

(1) With the notation of the previous example, let us put E = 
IlU Φ. We define a law * which generalizes the law * which we 
met in (k). 

If a and 6 denote distinct non-parallel straight lines, we continue 
to represent their point of intersection by a*b. Furthermore, for 
every de D we put d«d = ἃ. 


T Tr. See Appendix. 
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If z, ye D and x || y,f we denote by a * y the line parallel to x and 
y “situated at equal distances” from «x and from y. 

If pe Il, we put p* p = p. 

If u, ve Π and u # vw, we denote by u * Ὁ the straight line which 
includes the points u and υ. 

Finally, if p ε Il and de D we denote by p * d the perpendicular 
d which contains the point p. 

Is the law *« everywhere defined in ἘΠῚ Is it an inner law? Is it 
commutative? Isit associative? Does it admit a neutral element? 

Does the structure Εἰ, « constitute a group? 

(m) If a and ὃ represent elements of R, denote by a * ὃ the smaller 
of the numbers a,b. Give a short account of the structure R, +. 
State in particular whether this law admits a neuter. 

(n) Give other examples of inner laws which are not laws of 
groups. 


§5. EXAMPLES OF GROUPS 
(a) We leave to the reader the task of establishing that the 
following structures are groups: 
Z, + Ro, ° 
Qo, - Ro; . 
ἢ» - σ, τ 
Q, + Co, 2 


(Ὁ) Denote the set of even rational integers by 22. 
2Z = {2z2}zeEZ} 
Similarly, put 
3Z = {8z}2eZ} 
and, more generally, for every 7 € wo, 
nZ = {nz}zeZ} 
Every rational integer gives rise to a commutative group nZ, +. 
(c) The set of complex numbers of modulus 1 is a group for 
multiplication. 
(d) We denote by R/Z, + the structure obtained from R, + by 
removing the integral part of every real number. Since every real 


+ Tr. «|| y means “‘z is parallel to y”’. 
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number may be represented as a “‘non-terminating decimal”, the 
elements of R/Z may be represented by non-terminating decimals 
“decapitated” of their integral part. Thus 

-234792347923479. .. 

-14159... 

1111... 

“00000... 

‘00100000... 

-497312914853... 
are elements of R/Z. Addition in R/Z is natural addition ignoring 
integral parts. Thus, 


“L111... + °2222... = -3333... 


‘The reader is asked to prove that R/Z, + isa group. (This group 
is called the group of reals modulo 1.) 
Show in particular that 


— 22222... = °77777... 


Give the general rule for finding the symmetric of a real modulo 1. 
The neuter of this group is given by 


0 = -00000... = -99999... 


(ec) Let mEw,. Denote the set of fractions of denominator n by 
(1/n)Z. Thus 
(1/n)Z = {z/n} ze 2) 
Let us consider the elements of (1/n)Z modulo 1; i.e. each of the 
fractions z/n will be thought of “with its integral part removed”’. 


When this is the case, we shal] denote (here only) this fraction by -. 


ΟὟ) therefore have in particular 


2 l 
9 == 9 = “O00... 
8 2 
3 = 3 = ‘6666 
We put 
0 
0 = -000 = = 
n 
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We shall denote by Z, the set of elements of (1/n)Z considered 
modulo 1. Thus 


55] bo 
---- 


δῷ 

ie 

ll 
— Orr, 
Ξ SS 


He] ἘΦ 
Hel Go 
ney με. οὐ 


ΞΡ ΠΡ cle 
sine 


_  R 


The reader is asked to establish the rules of combination of 
4,, + and to show that every Z,, + is a group. 


SS 
ll 
— 
= 


The element - may always be written ᾿ where the numerator r is 
the remainder after dividing @ by x. In the group Z,, with the 
number ἢ fixed, every element " is determined by the numerator a, 


or, better still, by the remainder of the division of a by n. We 
express this result by saying that: 

To consider the fractions z/n modulo 1 is equivalent to considering 
the integers modulo ἢ. 

In symbols: 


a 


“-δο n| (a δ 


What i the following Sailer seit to you? 


(1/5) Z. us << 1/5 2/5 3/5 1. Phe 
ἘΣ 2 rrr 


ΗΝ 


4 0 1 
5 i) 5 4 6 6 65 5 
—5 0 5 10 
Z —3 -} Ι 1 3 3 4 θ 12 
— -- ae 
integers : ὦ ao 2 2 δ᾽ 1 


t Tr. See Ch. 6, §5. 
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(ἢ) Let E be a non-empty set. We know that Ὁ and U are 
associative, commutative inner laws of WE, but that neither WE, ΓᾺ 
nor ZE, U are groups. Then again, \, is an inner law of WE, every- 
where defined but not associative. Thus PE, ᾿ς is not a group. 

We shall show that we can nevertheless combine the operations of 
union and difference in such a way as to obtain a group law A for 
Pi. 

Let us define 


VA,BeZE: AAB=(A\B)U(B\ A) (1) 


Thus A A B is the set of elements which belong to one and only 
one of the sets A and B. 
We also have 


AAB=(AUB)\(ANB) 


The reader should establish that PE, A is a group. Bearing in 
mind formula (1), we often call the law A the symmetric difference. 

Show that A, A ἃς A... AA, is the set of x such that we have 
“ΣῈ A,” for an odd number of values of the index ¢. 

We could then write, to amuse ourselves, 


A, AAg A... AA, = (eZ2tH# {} πὰ AHH 


Point out the neutral element of the group WE, A and the 
symmetric of A C E (in the group #E, A). 

(g) The symmetric group ofaset. We define the symmetric group 
of a set E to be the set of permutations of E provided with the pro- 
duct of composition. We recall that a permutation of E is any 
relation f of Ἐΐ to E such that every element of Εἰ is the origin of one and 
only one pair of [, and the end-point of one and only one pair of [7 

The identical transformation is thus a permutation of Εἰ, and is 


_ the neutral element for the product of composition. 


If f is a permutation of E, then so is the inverse relation f~’. 
Since fo [τ = f~4of = the identical transformation of E, we have 
shown that each of the permutations f and f~* is the symmetric of 
the other for the product of composition o. The reader should 
establish that the product of composition (or composite) of two per- 
mutations is a permutation and that this law ο is associative. 

We shall have proved in this way that the set of permutations of 


} Tr. See Appendix. 
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E is a group for the product of composition. This group is called 
the symmetric group of E. 

We shall denote the set of permutations of E by ἘΠ ον SE. Thus 
the symmetric group of E will be denoted by E!, οὐ YE, ο (and, by 
abbreviation, simply “E or ἘΠ). 

(h) Determine the groups amongst the following structures and 
justify your answer. 

{1, —1},. 

δ 

{1, —1,4, --ἶἢ,. 
80. GENERAL ASSOCIATIVITY 


Let G,* be a group. Let 2,, 2,..., «, be elements of G. Con- 
sider the expression (or term) 


δ *%Q*... HX, (1) 


A priori this expression is meaningless. We may try to give ita 
meaning by reducing it to a sequence of operations acting on two 
elements of G. But this may, in general, be done in several ways. 
Thus, ifr = 4, we may consider the following sequences of operations 
on two elements, shown clearly by the brackets. 


((%, Ὁ 22) Ἐ Xg) * 
(51 * 29) * (%3 τ 24) 
(5 * (Ὡς * %g)) * ay 
ὧι * (%q % (2g αὶ %,)) 
Ly * ((%_ * Xa) * Zq) 


Ifn = 3, there are two possibilities, (v * 25) Ἐ 3 and x, * (ag * 2g), 
but we know by the hypothesis of associativity that these two 
sequences of binary operations give the same final result. 

For n = 2, there is only one possibility. 

For x = 1, we shall use the convention that an operation reduced 
to a single term x has this term as its result. 

Thus we see that for πὶ = 1, 2,3 the operation (1) leads to the 
same result whichever way we insert the brackets. We shall prove, 
by induction, that this is also true for every”. It will then be quite 
natural to denote this result by expression (1) (which will therefore 
have a meaning independent of the way in which we insert the 
brackets). 


The induction which we shall use is of a slightly unusual kind. 
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The number n having been fixed, we assume that the property - 
established for all expressions (1) consisting of at most (n — 1) 
induction hypothesis). 

see consider pil of inserting the brackets, and let us confine 
ourselves to inserting the last brackets to be introduced into expres- 
sion (1). 

For example, let 

8 = (4, * ... καὶ ἀκ) (Tag. * +++ Ἐ Fp) (2) 

It is perfectly legitimate to omit the inner brackets. In fact, 
there appear inside the brackets of (2) expressions analogous to (1) 
but consisting of m « nandn — m < ἢ terms respectively. There- 
fore, by the induction hypothesis, these expressions have a meaning 
independent of the way the brackets are inserted. 

If m = 1, expression (2) is of the form 


X, * (Lo * i * Xp) 
If m > 1, we introduce brackets in the first term of (2) 
8 = (στ (σα... © Xm)) * (Vyai Ὁ... ἡ Lp) 


Again, (χα * ... * 2%) is meaningful since this expression consists 
of m — 1 < πὶ terms. 

We now apply the associativity property to the product of the 
three terms 2, (% * ... * Lm), (mai * +--+ * Zn): 

We get 

8 = 2, * ((%q * .-. # Vm) * (Lng * ~~ * %q)) 
ists of a total 

The product Hg #1. Lm) * (Xm 41 ἘΠ... * Z_) CONSIS a tota 
of n ig <7 ~~ therefore, by the induction hypothesis, it is 

uite unnecessary to put in the brackets. | ie 
: Thus we Gave establlilied that, if s is the product obtained by 


᾿ς inserting the brackets in one way, we always have 


8 τι δια (%_ 4... « αι} 


Hence all ways of inserting brackets lead to the same ἜΣ ξι 


Exercise 
In a group G, * we have 
(σε τ... eZ) = Ze... GZ 


for every x, y,...,2€G, the bar denoting the symmetric. 
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Revision exercises on Chapters 1 and 2 


1. We give below a list of sets provided with a ide 1 
each case whether the law is eureka ΤᾺΝ ες og α is 
associative, whether it admits a neutral element, and which are the 
symmetrizable elements (those which possess ἃ symmetric); also 
determine in each case whether the law is commutative, _ bi 


veal Q, + 
oa i Q, . 
iia Qo: 
ω, ΣΤ R, + 
Wo, + R, 
Wo, — Ro, 
τς C, + 
Wo; : C, : 
2wW9, + Co; ᾿ 
nei = ᾿ w, V (see ch. 2 84 (j)) 
. w, A 
et Wo, V 
Z, + desc 
a, -- PL, A 
Z,. PE, VU 
4, ᾿ PR, ι-ς 


PE, A (where A denotes the sym- 
irk, metric difference). 
2. usual, we denote the set of subsets of the set E by PE. 


(a) Prove that the law U is associatiy i : 

| ὌΝ tive, commutati 

i) Uae does it admit a neutral element ? ame ee 
vse proposition 4 of chapter 1 to sh : i 

group ifand only ifE=¢.- Πα σοὺ» 


(c) Prove that E is an absorbant for the law V, i.e. 
VAEZE: AUE=EUA=E 
(ἃ) Prove that Ὁ is autodistributive, i.e. 
VA, B,CePFRm: AU (BUC) = (AUB)U(AUC) 


ΤῊΣ α τ ὃ = ratio ofa ἰο ὃ = a/b in the usual notation. 
fTr. i.e. every element is an idempotent for this law. 


COMMENTS—ILLUSTRATIONS OF THE IDEA OF A GROUP 23 
(6) U is commutassociative : 
VA, B,C, De FE: (AU B)U(CUD) = (AUC) U(BUD) 
(ἢ VA, B, Ce FE: (A = B)>(AUC=BvuU0C) 
(g) U does not allow cancellation. 


(h) VA,B,CeZE: (AC B)+(AUCC BUCO). 


(i) VA,B,C,DeEPE: ((A C B)and(C ς D)) 
= (AUC) C (BUD). 


3. Study AE, M in a way analogous to that of exercise 2. 
4, VA, BePVE: 
AN(AUB) =A, 
AU(ANB)=A 
5. Let Π be a plane. Let us define the law τ as follows: 
Va, be Il: a«b = the middle of the segment [a, 6]. 
Is the law * associative, commutative, idempotent? Does it 
admit a neutral element? Does the structure II, * constitute a 


group ? 
6. The law — is not associative in R, nor in Z, nor in w, nor in 


Wy. 
7. Are the following laws associative ? 
(8) wo X Wow: (ὦ, ἡ) > 2, T 
(b)Zx Z—+Z: (a, y) > max (2, y), 
(c) R* x R*+>Rt: (a, y) > 2”. 
8. Let E be provided with a law A everywhere defined and 
associative. Let a be a fixed element of E. Prove that the law * 
defined by 
Va,yeE: sey=o@ZAGAy 
is associative. 
9. The set E is provided with the laws * and | defined as follows: 
(a) να, ψ Ε ἘΠ: Ley =X; 
(Ὁ) Va,yeE: a2ly=y. 
Prove that both these laws are associative. 
t Tr. See Appendix. 
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10. Are the following laws associative? commutative? Do they 
allow cancellation? Do they admit a neutral element ? 

(Δ) ὦ xw>w: («, ῃ[- τὰ ἘΠῚ 

(b)wxw>w: (a, "ὴ >a? + y? 

(0) wx ww: (ty) >2? + 

(ἃ) ὦ x ww: (x,y) > x(x + y). 


11, Let E be a set provided with the law *. Denote by P the 

subset 
{se E} Vy,zeE: ze (y*2z) = (xx y) * 2) 

Prove that: a,b€¢P=+az*xbeP. The law « is associative in P. 

12, Another example of a law which is not everywhere defined: 
We denote by / the set of segments [a, Ὁ] of the real straight line 
(a < 6). Our law, which we shall write additively, is defined for the 
pairs ([α, ὃ], [c,d]), when 6 = c. We then put: 

, [α,Ὁ] + [6,d] = [a, 4] 


Thus /, + is a set with a law not everywhere defined. 

Since this law is not everywhere defined, it is not associative (see 
the definition of associativity). Nevertheless, let [a,b], [c, d], 
[6,1] #; assume that 

((a, Ὁ] + [ο, 47) + [ef] 
is defined. What can you say about 


[a, δ] + ([ο, 4] + [e, f])? 


13. Denote by ἘΞ the set of transformations of E (i.e. the set of 
maps EE). Is the law ο (product of composition) associative ? 
Does it admit a neuter ? 


14, Let us consider the two laws: 


(a)w x w—>w: (x,y) > max (2, y), 

(0) Z x Z—+Z: (x, y) > max (2, y). 

Are these laws associative? Do they admit a neuter? 
15. The laws 

(a) Zx ZZ: (@%,y)>a-y 

(b)wxw->w: (ὦ, ῃ),- - αν πῃ 
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have a right neuter, but not a left neuter. Find this right neuter 
in both cases. 

16. An example of a law which admits several right neuters. Let 
us provide Z with the law * defined as follows: 


xey=2+y, wheny 2 0; 
rey = 2, when y < 0. 


What are the right neuters?. Does this law admit a left neuter? 
17. Inw, + andw, . the neuter is the only symmetrizable element. 
18. Which is the only symmetrizable element in 


(a) Q,. 

(b) R,. 

(c) C,. 

(d) Z\ (1), + 
(e) ZN ia 1), Ἔ 

19. Consider the structure Εἰ, Ἐ where * is an associative law 
admitting a neutral element. Show that this neuter is necessarily 
unique. How would you define the symmetrizable elements of 
E,*? Show that every symmetrizable element x admits a unique 
symmetric which we shall denote by @. Show that if x and y are 
symmetrizable, then so is x * y, and that 7* y = ᾧ * ὦ. 

20. In the set E* of transformations of the set E, the symmetrizable 
elements for the law o (the product of composition) are the permuta- 
tions. If ¢ is a symmetrizable transformation of Εἰ, the reciprocal 
transformation of ἐ is the symmetric of ἐ. 

21. In M, *, every element a Ε M such that 


VmeM: aem=-a=>mea 


is called an absorbent. Prove that every absorbent is idempotent ; 


but that the reciprocal is false. 
22. Prove that the following structures are groups. 


(a) Z, + 
(b) Q, + 
(c) R, + 
(d) C, + 
(e) Q¢,. 
(f) Rg,. 
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(g) Co, . 

(h) FE, a 

(i) {l, t, =, —t}, - 

(j) {25} me Ζ),. 

ὙΠ Ὁ 2m ᾿ 

(k) _ ; m, ni Ee z}, . 

23. Which of the following structures are groups? 

(a) FE, ὦ 

(b) FE, A 

(c) {cos 6 + isin 03 θε 6),. 

(d) 2Z, + 

(e) 22, . 

(f) 22 +1, + 

(g) 2Z + 1,. 

(h) The set of irrational numbers for multiplication 

(i) {zeC} |z| = 1).. 

(j) {2€C}|z| = 1}, *, where αὶ is defined as follows: ζ. #2 = 

l21| - Zo. 

24. The set of plane rotations about a fixed point forms a gro 
for the product of composition. | Ee 

25. Denote by A the set of n n™ roots of 1. Prove that A,. isa 
group. 

26. Denote by 7 the set of translations of the plane. Prove that 
5, ὁ is ἃ group. 

27. Let G, « be a group; let a, δε. If axa=bab= 
(@ * ὃ) *(a«b) = ν, thena*b = b αὶ α (v denotes the neuter of G, *). 

28. Direct sum 

Let G, + and H, + be two additive groups. We provide the 
ia G x H = {(a,b)}aeG, be H} with the law + defined 

us: 
V(a, δ), (c, d)eG x H: (α, ὃ) + (c,d) = (α + ¢,b + d) 
Prove that G x H, + is a group (the direct sum of G and H). 
What is 108 neuter? What is the symmetric of (a,b)? We denote 
the direct sum of G and H by G @ H. 

29. Direct product 

If G,. and H, . are two multiplicative groups, construct the direct 
product of G and H by analogy with Ex. 28. 
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We denote the direct product of G and H by G @ H. 
30. Provide Ry, x R with a law . by defining 
V(a, δ), (c,d) ε Ro x R: (a, δ). (6, 4) = (ac, be + ad) 
Prove that R, x R,. is a group. What is its neuter? What is 
the inverse of (a, b)? 
31. Decide whether the elements of Z form a group for the follow- 
ing laws. 
(a) a*#b=a+b 
(Ὁ) α « ὃ = 2(a + ὃ) 
(c) aeb=a—b 
(d)a*b = 2a +6 
(6) α -ὖ = 2a + ὃ — a’. 
32. The same question for 2Z. 
33. Let G,* be a group. Prove that the map 
b6:G—-G:g- 9 
is a bifunction.} | 
34. In every group G, * we have 
Va, b,ceG, JreG: axbaexeadex=crxbeex 
35. Let a,b,c,deC. Prove that the set of transformations 
ax + ὃ 


- - with ad — be = 1 
ce +d 


CO—-C: «> 


is a group for the product of composition. 

36. What are the commutative symmetric groups! 

37. For every group G, *, the centre of G, which we denote by 
Za, is defined as the set of elements of G which commute with all the 


‘elements of G: 


Zo = {zEGiVeeG: zx = az} 
Prove that the centre of every group is a subgroup of this group. 
38. {1, 2, 3}!,o is a group whose centre reduces to the sole unit- 
element. 
39. The same is true for the group {1, 2, 3, 4}!, o. 
40. A group is equal to its centre if and only if it is commutative. 
+ Tr. See Appendix. 
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41, Multiplication table 

Let G, κε be a finite group with n elements. This group is known 
as long as we know the n? products a *b of the elements of G. 
CAYLEY saw the advantage of having a multiplication table to deter- 
mine a finite group (1854). We give below some examples of groups 
defined by a CayLxy multiplication table; it is instructive to verify 
in each case that we are indeed dealing with a group. 


(a) The cyclic group Z,, + 


For example: to find 3 + 2 we look for the element at the inter- 
section of the 4th line and 3rd column, and we conclude that: 
3+2=0. At the same time we see that: —3 = 2, --ἢ = 3. 


(Ὁ) The cyclic group Zs, + 


(ἃ) The quaternion group: 2, . 
- 1 
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(e) KixEtrn’s four-group: V, * 
* 1 a b azwb 


1 1 a δ axb 
αὶ α 1 α«.ὖὖ ὃ 
b6| b ab 1 a 
at*zblaeb ὃ a l 
42. Every group of 4 or fewer than 4 elements is commutative. 
(Clue: it is profitable to use a Cavey table.) 
43. Let a, b be elements of a group G, *. 
If: a@*b*ea= 
and bxa*«b=G, 
then: axaeaxa=bebexb*eb =v, . 
44, No subset of Z of more than 2 elements is a multiplicative 
group. es 
45, Construct the multiplication table of the multiplicative group 
whose elements are 
i, a, a’, αϑ, b, C, d, é, 
where : 
c=ab, d=a%, e=a*b, at=1, δ5 - 1, ba = ad. 


Determine the subgroups of this group. 


3 
The Scalar Law of a Group 


§1. INTRODUCTION 
The law « of the group G, ε is an inner law of G, i.e. a map 


Gx α--Ο: (ὦ, γ)ὴ τῶ κα 
We shall see that, given only the group G, +, we can define a law 
ZxG->G 


which we shall call the scalar law of G. 

In this law, the first term is a rational integer. The second term 
and the result are elements of the group. 

We say that the scalar law is an outer law of G, and that Z is its 


set of operators. 
In the case of the group G, * we shall denote the scalar law by 


means of the symbol | . 
We shall see later the usual notations for additive and multiplica- 


tive groups. 
For a group G, + we then have 


L:ZxG—>G:(@g)>z19 
It is time to define the law |. 


§2. THE OUTER LAW: w x G->G 
For every ” € w, and for every g Ε G, we shall put 


nilg=g*g*...*9 (1) 
cnet, ............ 
n terms 
In particular : 
llg=g9 (2) 


As an exercise, the reader is asked to establish the truth of the 
formula 


VWm,nEwo;VWgEeG: (m +n) Lg = (m 1 g)*(m 1 9) (3) 
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§3. THE SCALAR LAW OF THE GROUP G, « 

We shall extend the law defined above to a law Z x G > G which 
will be called the scalar law of the group G, «. 

Let us start by defining 


VgeG: Olg=y» (1) 
Before defining (—n) 1 g, (with πὶ € w, and g € G) let us show that 
(πα 1 ρ) τ ν 1 (2) 
We have 
(n |g) = (g*g*...*g) (definition §2.1) 
= ὅεδκε...« (property Ch. 2 86) 
=" | ¢g (definition §2.1) 
It is then natural to put 
(—m) |lg=anig=nl1g (3) 
which completes the definition of the scalar law. 
In particular 
(=i Loe’ Lg (by (3)) 
= (by §2.2) 
Therefore 
(- lg= 9 (4) 
Hence (3) gives 


(—m) Lg=ni((-1)I)1g9)=(-)I) La@lg) (5) 


δά͵ PROPERTIES OF THE SCALAR LAW 
We shall leave to the reader the task of proving the law of com- 
position. 


In every group G, +: 
Va,beZ;VgeG: 


(a+b) 1 9 Ξ (αᾳ ! σ)  ε( 19) (1) 


δῦ, SUPPLEMENTARY PROPERTIES OF THE SCALAR LAW IN THE CASE 
OF A COMMUTATIVE GROUP G, * 


If the group G, * is commutative, we have 


_ δμεωρ; Va,yeG: πὶ @ey)=( layer ty) (1) 


32 GROUPS 


In fact 
n | (wxy) = (waxy) πε... κ (wey) (definition §2.1) 
= ἴσα... καὶ α) αὶ (", «... αὶ ψ) (associativity and com- 
mutativity of *) 


=(n 1 2)*(n 1 y) 
By definition (§3.1) we also get 
01 (wey) = (0 | x) *(0 | y) (2) 


(definition §2.1) 


Exercise 
Prove formula (2). 
Finally, we prove that we also have 
Vn Ew; Vx, yeEG: (—n) | (ὦ * y) 
=((—n) 1 x)*((—n) Ly) (8) 


In fact 
(—n) | (wey) =n | (wey) (definition §3.3) 
=n | (δ ᾳ ἢ) (by (Ch. 2, §6.1) and the com- 
mutativity of *) 
=(n | ἄ)κίη | 9) (by (1)) 
= ((—n) | 2)*((—n) 1 y) (definition §3.3) 
Q.E.D. 


Bringing together formulae {1), (2) and (3), we get 


In every commutative group G, «: 


VaeZ;Vaz,yeG: α.} ( 2) Ξ (α | “) ε(α 1 Ψνὺ (4) | 


§6. THE SCALAR LAW IN A GROUP 6. 
In the case of a group given by G,., we write x* instead ofa | x 
(for allaeZandzeG). We then have, for every 7 Ε wo, 
Gime 85g, eae Ee eS Ὁ = 3 (1) 
n factors 


The elements x* (with ἃ Ε Ζ) are called powers of the element 
xeG. 
Rule (§4.1) becomes here the famous rule of exponents, 
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In every group G, . 
Va,beZ; VxeG: ΔΈΝ ὦ ΔῈ ὦν (2) 


If the group is commutative, we have, in addition, the rule 


In every commutative group G, . 


VaeZ; Va,yeG: (w7. υ) =a. 7° (3) 


87. THE SCALAR LAW OF A GROUP G, + 

In the case of a group G, +, the result of the scalar law is denoted 
by ax instead of a | =. 

We therefore have (for every 7 € wp), 


ne =2+...+¢2; Oe = 0; (—n)e = —(nx) = πί -- τὴ (1) 
n terms 


In the formula θα; = 0, the first symbol 0 denotes the natural 
number zero (belonging to Z), while the second symbol 0 denotes the 
neuter of the group G, +. 

The elements az are called (whole) multiples of z. 

Rule (§4.1) becomes here 


In every group G, + 
Va,beZ; VaeG: (a + δα = ax + ba 


If the group G, + is commutative, we have in addition, 


In every commutative group G, + 
VaeZ;V2,yeG: a(x + y) = (ax) + (ay) (3) 


88, THE SCALAR LAW IN THE SYMMETRIC GROUP “E, o OF THE SET Εἰ 


For the law ο we adopt the usual conventions of multiplicative 
groups (i.e. groups whose law is written .). According to the cir- 
cumstances, we represent the identical permutation of E by 1, or by 
I,or by ε. It is the neutral element of the group. 

We recall that f~! denotes the reciprocal permutation of the 
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permutation fe “E. The elements f and f~* of the group YE, ο 
are symmetrics or inverses. Following the usual conventions, we put 


PO Sy ΟΣ: sat 


80, MIXED ASSOCIATIVITY 

We shall give a definition later of multiplication of rational 
integers, thus promoting Z into a structure with two laws 

Ζ, +,. 

But now we describe the rule of mixed associativity which applies 

simultaneously to scalar multiplication and to multiplication in Z: 
Va,beZ,VgeG: α (ὃ ! 9) Ξ (α. δ) 1 κ᾿ (1) 
This law will be proved later as an exercise. 


810, EXERCISES 
1. In a group G, ., mixed associativity is expressed as 


Va,beZ, VgeG: (g’)* = g™ 


Since multiplication in Z is in fact commutative, we can again 
write 


Va,beZ,VgeG: (95) = g® 
2. In the case of a group M, +, mixed associativity is written 
Va,beZ, VmeM: a(bm) = (a . b)m 
3. In the group R/Z, +, put 


Vill...=r 
Then we get 
or = 0 
l0dr =f 
sr = -- 


4. If s denotes the symmetry of the plane I with respect to the 
straight line D contained in II, we have the formulae 


gos =] 
ὃ = gm + 
83 = 1 
tis 
gre? us 1 
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5. The scalar law of the group Z, + is none other than ordinary 
multiplication in Z. 


$11. DIVISIBLE GROUPS 

Let M, + be an additive group. 

Its scalar law allows us to ‘‘multiply” scalarly every element 
m & M by every rational integer ze Z. The result of this operation 
is the integral multiple zm of m. 

Quite naturally, the question arises of “scalar division” by z. In 


- other words, given w Ε M, does there always exist an element v € M 


such that zv = w? 

The example of the group Z, + of rational integers is sufficient to 
prove that ‘‘scalar division” by z is not always possible. 

The example of the group R/Z, + shows that, when this operation 
is possible, it is not always unique. 


Example : 
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It is easy to see that division by z will be possible if and only if 
it is possible by the absolute value of z. 

We shall call a group divisible when division is possible by every 
non-null natural integer (and hence also by every non-null rational 
integer). The term “divisible” will be used quite generally however 
we write the inner law and the scalar law of the group under con- 
sideration. 


Definition. The growp Οἱ, * is said to be divisible if and only if for 
every g Ε G and every n Ε wo there exists (at least) one hE G such that 


g=n1lh 

Examples 

(a) The group Z, + is not divisible. 

(b) The groups Q, + and R, + are divisible. 

(c) The group Ἐξ, . is divisible. 

“Scalar division by π᾿ means here the “extraction” of the n™ 
arithmetic root. In this case the result is unique. 

(ἃ) The group Ro, . is not divisible. 

(e) The group R/Z, + is divisible. 

The result of scalar division is not always unique. 

(ἢ The group of plane rotations about a point is divisible. The 
result of scalar division is not always unique. 


1. Investigate the groups you know to decide which are divisible 
and which are not. 

2. When a group G, « is divisible with unique scalar division, it is 
natural to denote by 

(I/n) 1g 

the result of ‘‘the scalar division” of g by n. In the case of a multi- 
plicative group G, ., this result is written οὐ ἐπ, 

We thus arrive quite naturally at rational exponents. 

The reader should show with details that, in a divisible group 
G, * with unique scalar division, we can define naturally an outer law 
QxG—G: (a/b, g) > (a/b) 1 g 

Establish the properties of such a law: 
(1) in the case of any group whatsoever, 
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(2) in the case of a commutative group. 
Formulate the rules of combination in the case of a group G, *, 
also for a multiplicative group and for an additive group. 
(3) In a group G, * we have 
VzeEZ: glyveyr 
For additive and multiplicative groups, this formula is written 


respectively : 
z.0=0 and P=1 


4 
Subgroups 


$l. EXAMPLE 


The set Q (see Ch. 2 §3) is a subset of the group R, +. The sum 
of two elements of Q belongs to Q, and Q, + is itself a group (for the 
law + defined in Q as well as in R). 

We shall say that Q, + is a subgroup of the group R, +. 

Similarly, Z, + is a subgroup of Q, +, and Ro, . is a subgroup of 
Co,.. Finally, Z,, + is a subgroup of R/Z, +. 


§2. STABLE SUBSETS AND SUBGROUPS 


Let G, * be a group and P asubset of G. The subset P of G is said 
to be stable for « if and only if 


e,yeP>ax«yeP (1) 
Examples 
Q is a stable subset of R, + 
Z is a stable subset of Q, + 
Ro is a stable subset of Co, . 
w is a stable subset of Z, + 


If P is a stable subset of G, π, we can speak without ambiguity of 
P, *, since the law * is everywhere defined in P by (1). 

The associativity of the law « in G guarantees its associativity in 
r. 


Exercise 

Justify the above claim. 

Similarly, if + is commutative in G its commutativity implies that 
of « in P. 

Meanwhile we note that P can be a stable subset of G, « without 
P, πὶ being a group (as is shown in particular in the case of the stable 
subset w of Z, +). 


Definition. Every stable subset S of a group G, αὶ such that S, αὶ is 


a group is called a subgroup of G, «. 
38 
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We shall sometimes indicate that P, * is a subgroup of G, * by 
writi 
Ἢ Pia ς ὅ,: 
Often we simply write 
PCG 


1. Here are some subsets of Z which are stable for addition: 
o= $0) 0, Bens 3h 
—w = {0,—1, —2,. et 
ay = {1, 2, 3, a a 


Is this still true of the following subsets? 
{-—1, 0, 1, 2, ccm wU{-]} 


(—w) U {1} = {1, 0, —1, —2,.. .} 
{—3, —2, —1, 0, 1, 2, 3,.. - 


2 
{—3, δ) 
2. The set L of terminating decimals 
L = {(α[105} α ε Ζ, new} 

is a subgroup οἵ Q, +. δ 

The set L\ {0} is a stable subset of Qo, ., but it is not a subgroup 
of Qp, .. | 

3. In Ze, +, the set 5 4 3} is stable for addition and subtraction, 
and it is a subgroup of Z,, +. 


4, In the symmetric group “II, o of the plane II, every pair {1, s} 
where 1 denotes the identical transformation and s a symmetry of 


ee  ὀ -ὕ. . .-. ..-- ο. --. - = — 
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the plane (either with respect to a straight line or with respect to a 
point) is a subgroup of IT, o. 


§3. THE NEUTRAL ELEMENT AND THE SYMMETRIC IN A SUBGROUP 
Let P, καὶ be a subgroup of G, «. 
Denote by ν΄ the neutral element of P, *. We then have 


μ᾽ καὶ ν΄ =p’ (1) 


which establishes the idempotence of ν΄. Now, we know (chapter 1, 
proposition 4) that the neutral element of G, « is the only idempotent 
of G,*. Hence,v' = v. Thus, the neutral element of a group is the 
neutral element of each of its subgroups. 

We shall show that the same is true of the symmetric. Let x be 
an element of P. Let us denote its symmetric in P, καὶ by x’. Then 


αἰ ἢ πεν πὸ gen’ (3) 

Since the symmetric in G, * is unique, we conclude that 2’ = ἢ, 
which allows us to enunciate. 

Theorem 1 — The neutral element of a subgroup coincides with that 
of the growp, and the symmetric in the subgroup of an element of the 
subgroup coincides with its symmetric in the group. 

§4. A NEW CHARACTERIZATION OF SUBGROUPS 

Theorem 2 — A non-empty subset of a group is a subgroup if and only 
if it is stable for one of the inverse laws of the group. 

Let G, κ be a group and let us consider the inverse law * (Ch. 1 86). 

If $ is a subgroup of G, then for every a, ὃ Ε 8, the equation 


240 =@4 (3) 
has a solution in 8. Since equation (3) admits the unique solution 
a= a*b (4) 

in G, *, it follows that 
a,beS+ax*beS (5) 


Conversely, assume that S is a non-empty subset of G such that 
equation (δ) holds for every two elements a, ὃ Ε 5. 
Since 8 ¥ @, let 
seS (6) 
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Consequently, by (5) 
yv=s*seES (7) 


and immediately, by (6), (7) and (5), 
§=v*ses 


We have just proved that S contains the neuter of G, + and the 
symmetric (in G, *) of every element of 5. It remains to prove that 
Sisstablefor*. Letu,veS. WethenhavedeS and consequently 

by (6) ᾿ 
ὸν “πύυ τε ὐ Ἐ (δ) ε | 
Q.E.D. 


§5. TRIVIAL SUBGROUPS | 
Let G, « be a group with neutral element v. The reader should 

verify that G and {νὴ are subgroups of G,*. We call them the 

trivial subgroups of G,*. For every subgroup H of G we have 


({v}, *) C (H, *) C (G, *) 


We express this fact by saying that {v} is the minimum subgroup 
and G the maximum subgroup of G, +. 

The maximum subgroup G is also called the improper subgroup of 
G, *. 


Exercises in terminology, vocabulary and notation 

1. What is the minimum subgroup of R, + ? 

2. What is the improper subgroup of Cp, . ? 

3. What is the minimum subgroup of Rp, . ἢ 

4. What is the minimum subgroup of the symmetric group of the 
set {1, 2, 3}? 


Exercises 

1. Does the group Ζ7, + possess non-trivial subgroups ! 

2. The same question for Z,, +. er 

3. For what values of ἢ does Z,, + have no non-trivial sub- 
groups? Could you try to justify your answers to the above 
questions ? ᾿ 

4, Investigate the subgroups of the symmetric groups of the sets 
{1, 2}, {1, 2, 3}, {1, 2, 3, 4}, {1, 2, 3, 4, 5}. 


son «ὦ. “.. - 


| 
4 
Ϊ 
Ϊ 
{ 
Ι 1 
! 
| 
Ϊ 
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§6. THE INTERSECTION OF A SET OF SUBGROUPS 


Let F be a non-empty set of subgroups of the group G, +. Let 
us consider the intersection, AF, of this set of subsets of G. We 
therefore denote by NF the set of elements which belong to all the 
subgroups that are elements of F. 

In symbols 


AF ={eeG3VFeF: xzeF} 


We shall establish that NF is a subgroup (of G, *). 
By theorem 2, it is sufficient to show that 


Va,yeG: LYENF τὸ xr¥EYENF 
Now we have successively 


“%yenF >(VWFeF: xz, yeF) (definition of NF) 
>(VFeF: xeyeF) (since F is stable for 3) 
> ΦΈΨΕ (definition of NF) 

Q.E.D. 


Theorem 3 — The intersection of every set of subgrowps (of a group) 


ts a subgroup (of this group). 


In short : Every intersection of subgroups is a subgroup. 


§7. THE SUBGROUP GENERATED BY A SUBSET OF A GROUP 

Let G, καὶ be a group and P C G.t We are going to establish that 
G contains a subgroup containing P and included in every subgroup 
of G containing P. 

In other words : the set 99 of subgroups of G containing P contains 
a subgroup included in all the subgroups belonging to 7. We shall 
prove that MF is the required subgroup. 

Note that Ge F (since G is a subgroup of G which contains P). 
Thus F is a non-empty set of subgroups of G, and consequently, by 
theorem 3, OF is a subgroup of G. 

All the subgroups belonging to Y contain P. The same is there- 
fore true of the intersection of 99, and NF is thus a subgroup of G 
containing P, i.e, 

χες 
1 Tr. See 82. 
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Since NM is, as an intersection, included in all the subgroups 
belonging to 97, it follows that MF is indeed the smallest subgroup 
of G containing P, which proves our proposition. Ave. 

The subgroup whose existence we have just established is said to 
be generated by P. We shall denote it by grp P. 

If P = {p}, we allow ourselves to write στρ (p) (even grp p) instead 
of grp {p}- | 

Theorem 4 —If P is a subset of the group G, *, there exists a subgroup 
arp P of G, * containing P and included in all the subgroups of G 
containing P. 

The subgroup grp P of G, « is therefore the smallest subgroup of 
G, * which contains P. It is necessarily unique and is called the sub- 
growp of G, * generated by P. 


Corollaries 
1. If A and B are subsets of the group G, +, 
AC B=grpA C ΡΒ 
2. IfSisa subgroup of G, « and Ῥ asubset of G, we have grpS = § 


and 
PCS=grpPcs 
3. If A and B are subsets of the group G, ε, then 
grp (A ὦ B) = στρ ((grp A) υ B) 
= grp (A ὦ (grp B)) 
= grp ((grp A) U (στρ B)) 
Exercise | 
In the group G, * we have | 
epG=G; gpf}=erp ὦ = fr} 


§8. MOORE’S CLOSURE 


Given a group G, ε, we have defined a function grp whose domain} 
is the set AG of subsets of G and whose imaget is the set YG of 
subgroups of G, * 

erp 7G> GG: P—+grpP 
(where AG denotes the set of subsets of G and YG the set of sub- 
groups of G, *). 

t Tr. See Appendix. 
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If A, B denote subsets of G, we have 
(1) AC grpA 


(2) AC B= grpA C grpB 
(3) grp grp A = grp A 
We shall express these three properties by saying that the function 
grp is (1) expanding (2) increasing (3) idempotent. (The term ‘“‘idem- 
potent” is justified by the formula grp o grp = grp.) 
The function grp is a transformation of PG, i.e. a map AG — AG. 
A transformation of a set of subsets which is simultaneously 
expanding, increasing and idempotent is called a Moore closure. 
Thus the transformation of the set of subsets of a group which 
maps every subset onto the subgroup which it generates is a Moore 
closure of the set of subsets of the group. 


§9. GENERATING SUBSETS 

A subset P of the group G, * is said to be generating if and only 
if grp P = G. 

Instead of saying that P is a generating subset of G, we sometimes 
say that P is a set of generatorsofG. This last expression, although 
much used, is nevertheless inadvisable because it seems to imply that 
the generators are special elements of a group. They are nothing 
of the kind, as the following example shows: {1} and {2, 3} are dis- 
joint generating subsets of Z, +. 


Exercises 
1. In Z, +, we have 
grp (2) = 22 
grp (n) = nZ 
grp (0) = {0} = 02 
2. In the group G, * (whose neutral element is denoted by v), we 
have | 
grp ὦ = {v} 
grp (v) = {v} 
ρα - ἃ 
810. CYCLIC GROUPS 


Every group which admits a generating subset consisting of a 
single element is called a cyclic group. 
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For every subset P of G it is clear that P is a generating subset of 
the subgroup grp P. Thus the subgroups generated by (a subset 
reduced to) an element of G are cyclic groups which are therefore the 
cyclic subgroups of G, +. We shall also say that grp (g) is the cyclic 


subgroup of g. 
Since grp (9) is a subgroup, we have v € grp {g} 
i.e. 0.1 gegrp (9) 


Since the group grp (g) is stable for the law +, we have immediately 


YVnew: ἢ | gegrp(g) 
Since grp (g) is a group, the symmetric g of g is an element of 
grp (9), and consequently the stability of grp g for the law « implies 
Vnew: (—n) | ge grp (0) 


We have thus established that the set {z | g}z eZ} is a subset of 
στρ (g) which contains g. Now the rules of scalar laws enable us to 
verify without difficulty that this subset of G is stable for the inverse 
law *, since, with the obvious notation, 


(α 1 9“) Ἐ (ὁ 1 9) 5Ξ (α -- ὁ) 1 9 


It follows that 
erp (9) = {2 LgjzeZ} 
We shall put 
erp (9) =f LgjzeZJ=Z1g 
Exercise 


Prove that every cyclic group is commutative. (Make use of the 
formula (Ch. 3. §4.1.)) 


811, EXERCISES 
1. In a group M, +, the cyclic group of an element is the set of 
its scalar multiples. In other words: 


VeeM: grp(z), + = {ev}zeZ}, + 
We shall quite naturally say here again 
arp (x) = fex}zeZ} = Ze 
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2. In a group H,. the cyclic group of an element is the set of its 


powers with rational integral exponents. 


VyeH:  agrp(y),. = {y*}zeZ},. 
3. What is the subgroup generated by 1/2 in Rf, . ? 
4, Compare the following subgroups in Rog, . 
erp (1); grp (1/2); grp(—1/2); grp (2); grp (—2); 
grp (4); grp (8); grp(—8); Rg,. 
Show in particular that we have: 
grp (8) C grp (2) 
grp (8) C grp (Ro) 
grp (4) C grp (—2) 
grp (—8) ἡ Rg = grp (64) 
5. In Ro, . find n € ὦ such that 
grp (—5) Ὁ Rg = grp (2) 
6. In the group R/Z, + define in full the cyclic subgroups 
grp (0) 
erp (-5) 
grp (1111...) 
§12. AN EXPRESSION FOR THE SUBGROUP GENERATED BY A SUBSET OF 
A GROUP 
_ Let G, * be a group and P C G a non-empty subset. Denote by 
P the set of symmetrics of the elements of P. 


Then ae 
P = {Pp} peP} 
and we put 
P=PuUP 
Having done this, we are in a position to enunciate the result 
grp P = {p, *pg*...* P,}NEwo; Pi,---,P,EP} 


In particular, in the case of a group written G, ., grp P is the set 
of products of factors that are elements of P or inverses of elements 
of P. 


For a commutative group M, + this result may be somewhat 
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simplified. For this time, as a consequence of commutativity, we 
can group together all the terms equal to the same p Ὲ P or to its 
negative. Finally, grp P appears as the set of linear combinations 
with rational integral coefficients of a finite number of elements of P: 
orp P = ἔχ», +... + 2nPn} ME Ws Ζ1»..«ὍὙ 2, Ζ; Prs---> Pn P} 

In the still more restricted case where P is a finite set 


δι, Wass εὐ Bey 
we have 


erp P = grp {2,, %o,.-- Um} = (χα +... +Zm%m} Za» -- +> %m EZ} 


818, COSETS, THE ORDER OF A GROUP AND OF A SUBGROUP 
Let us consider a group G, * and one of its subgroups H. 
For every σε G, put 
g*+H = gxhihe H} (1) 


The g * H are called the left cosets of the subgroups H. We shall 
show that the set of cosets {g τ H } g ε G} is a partition of G. 
Let us first note that we have 
VgeG: geg*H 
(Since H contains the neutral element v, and therefore g = 
qxveg*H.) 
It follows that each of the g * Η # @ and that their union is none 
other than G. In symbols: 
U{gxHjgeG}=G (2) 
which can be written more simply 
Ug+H=G (3) 
géG 


It remains to prove that two distinct cosets are disjoint. In other 
words 
axH4#¢b*#H=(ax*H)N(b*H)= ὦ (4) 


This is equivalent to proving that 
(α « Ἠ) Ὁ (ὃ « Η) αὶ @ >a*H=b4H (δ) 


ἐ τὰ. See Appendix. 
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In order to do this, let us start by observing that if x is an element 
of H, we necessarily have 
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From this we obtain successively 
bx H = (α κ (@*b))*H (property of the symmetric of an 


c*H = {frxhjtheH} =H (6) element) 
In fact, since H is stable for αὶ and x ε H, we have = a» ((ἃ *b) + H) (by the associativity of *) 
=aeH (by (16) 

a*H CH (7) Q.E.D. 
On the other hand, let ye H. Since H, "κα is a group, the equation We have therefore established that the set of left cosets of H, 

h (σ Ὁ H} ge G}, is a partition of G. jah 
reh=y (8) We shall now prove that left multiplication by g defines a bijection? 
has a solution he H. This proves that between any two classes of this partition. 


Indeed, let « and ye G. Since G, « is a group, there exists an 


HC 2zeH (9) element g € G such that 


Formulae (7) and (9) then give geu=y (17) 
z*H =H (6) This being so, left multiplication by g defines a map 
We are now in a position to establish proposition (5). Since cx H—>y*H: teh>yeh=geaerehk 
(ax H)O(b* H) # @ 


there exists an element uw such that 


whose inverse is none other than the map defined by left multiplica- 
tion by 9, 
yx H—>xx«H: yxh>ueh= gGey*h 
Thus left multiplication by g defines a bijection x * Hy H, 
We have just shown that all left cosets of a finite group G consist 
of the same number of elements. Since H = v* H is one of these 
cosets, we may conclude that all the cosets have the same number of 


elements as the subgroup H. 
The number of its elements is called the order of a finite group, and 


ue (ax H) OM (ὃ αὶ H) (10) 
Since Ἡ ¢ a « H, there exists h, ¢ H such that 
ὃ τὸ ὦ αὶ ἢ, (11) 
Similarly, since πὸ Ε ὃ « H, there exists ho ¢ H such that 


u = beh (12) the number of left cosets which it defines is called the index of a 
EE TORE Te subgroup. We can therefore enunciate 

ormulae (11) and (12) imply Theorem 5 (Lagrange) — The order of a subgroup divides the order of 
α κα ἦι =b«eh, (13) a finite growp, and the index of the subgroup (or the number of its cosets) 

Whence is the quotient of the order of the group by the order of the subgroup. 
ἃ εὖ =h, *h,eH (14) Let H be a subgroup of G, «. We know that the set of left cosets 
and finally | of H is a partition of G the number of whose pieces is the index of 
a*beH (15) H and whose every piece contains a number of elements equal to the 


order of H. We therefore have 
order of G = (index of H) . (order of H) 
+Tr. See Appendix. 


Applying the preliminary result, we deduce from (15) 
(@*b)*H=H (16) 


50 GROUPS 
Exercises 
1. What are the cosets of 
nZ in Z, +? 


᾿ Show that there exists a natural bifunction between this set and 
ἊΣ What are the cosets of 

grp(5) in Ze? 
3. What are the cosets of Z, + in R, +? Establish a bifunction 
between this set and R/Z. 


814, EXERCISES 


1. Show that Z,, + where p= is prime does not contain a non-trivial 
subgroup. 


2. What are the subgroups of Z,., + ἢ 
3. Zio, + isthesubgroup of R/Z, + generated by τῷ = -08333.... 


In general Z,, + is the subgroup of R/Z, + generated by =. 


4. Zy2; + J Le: ἘΠ Lo, + 2 {0}, + 
Zin, + D Ze, + D Zs, + D {0}, + 
Ζ1.. + 3 Zy, + D Zq, + D (0), + 


Establish that the inclusion chains of subgroups given above are 
maximal in the sense that there do not exist subgroups which lie 
strictly between two successive subgroups. For example 


242492, 5 5, Ξ ἃ or G = Z. 


5. Let z denote a rational integer (i.e. z € Z). 
(a) In the case of the subgroup 2Z = Z2 generated by the element 
2 in the group Z, + we have 


22=Q<z2= 0 
(b) Show that this is not so in the case of the subgroup generated 
Ἐν 
by 3 in the group R/Z, +. (We recall that by - we mean “1/3 
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modulo 1”’.) (z. : = Ὁ does not necessarily imply that z = 0.) 


(c) Show that in the subgroup generated by “2 modulo 1” in 
R/Z, + we have again 


z(V2 modulo 1) = 0<z = 0 
6. For every ὃ € wo, the set {z/b"} ze Z, new} is a subgroup of 
Q, +, and L, = {Z}zeZ,nea} is a subgroup of R/Z which is 


fundamental in the theory of commutative groups. 

If p is prime, all the proper subgroups of the infinite group L, are 
finite. (If there is any difficulty, consult the revision exercises on 
the entire book, p. 195, Ex. 1.) 


_ Revision exercises on Chapter 4 
Find subgroups of C, +. 
. Find subgroups of Cp, .. 
. Is the subset 2Z of Z a subgroup of Z, + ἢ 
. The same question for 2Z with ἢ € wo. 
The same question for w. 
. Is the subset 2Z + 1 of Z a subgroup of Z, + ἢ 
. Is the subset 2Z + 1 of Q a subgroup of Q, + ? 
. Is the subset 2Z + 1 of Q, a subgroup of Qo, . ἢ 
. Οὐ. is a subgroup of Qo, .. 
10. {1, —1} is a subgroup of Qo, .. 
11. Prove that {1, —1,%, —7},. is a subgroup of the quaternion 
group (see revision exercises on chapters, 1, 2, exercise 41, d). 
12. Let M be provided with an associative law * and with a neuter. 
Prove that the set of symmetrizable elements is a stable subset of M, +. 
13. What is the stable subset of Z, + generated by 3? 
What is the stable subset of Z, — generated by 3? 
What is the stable subset of w, + generated by 3? 
What is the stable subset of w,. generated by 31 
What is the stable subset of Z, + generated by 1? 
14. The stable subset of w, + generated by 1 is wo. 
The stable subset of w,. generated by 1 is {1}. 
15. Let E possessa law *. Let se ΚΕ, 
We have: 


{fs} is a stable subset of KE, * <> 8 is idempotent. 


coa aro 9 μα 
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16. What is the subgroup of Z, + generated by 1? 
What is the subgroup of Z, + generated by 2? 
What is the subgroup of Z, + generated by —2? 
What is the subgroup of Z, + generated by —9999? 


17. If every element of a generating subset of a group commutes 
with all the other elements of this generating subset, the group is 
commutative. 


18. Let us consider the symmetric group of {1, 2, 3, 4, 5}, 1.6. the 
group of permutations of {1, 2, 3, 4,5}. We denote it by 5. 
What is the subgroup generated in #;, o by 
( 2 ὃ 4 Ἢ 
31254 


What is the subgroup generated by the set of permutations 
123465 123465 
Pere, ai ΣΤ ΤῊΝ 
What is the subgroup generated by the set of three permutations 
12345 12345 ΕΣ γεν 
er 1234 6/'’\28 146) 
19. What is the subgroup of the quaternion group generated by 
the subset {7,7}? 


What is the subgroup of the quaternion group generated by the 
subset {1, —1, i, —i}? 


20. Let the group Ry x R, . have its multiplication defined by 
V(a, Ὁ), (ce, d)e Ry x R: (a,b) . (c,d) = (ac, be + d) 

Prove that the elements (1, δ) form a subgroup of Ry x R. 

21. What are the subgroups of the symmetric group of {1, 2, 3}? 

22. What are the subgroups of “%, (the symmetric group of 


{1, 2, 8, 4})? 
‘a 
4 


AL 


What is the subgroup of 1%, generated by ( 


oo ἃ ὧδ 


1 
2 
] 
2 


— [ὦ we ib 


i 


What is the subgroup of “, generated by ( 


t For the notation see Ch, 8, §1. 
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What is the subgroup of /, generated by 


ATEN tit 


23. What are the subgroups of Z,,.? For each subgroup give a 
generating subset. 

24, The set of permutations (1 2), (3 4), (1 3) ο (2 417 of (1, 2, 3, 4} 
generates a group of what order ? 

25. The permutation (1 2 3 4) generates a group of order 4.7 

26. The permutation (1 2 3 4) ο (5 67 8) ο (9 1011 12) of (1, 2, 
ἐνὸν 12}} generates a group of order 4. 

27. The permutation (a, @2...@,) generates a group of what 
order ? 

28. The permutation (@, dz... αᾳ.. χ,) ο (Gn41%n42 ++ -G@an-140n) ° 
£620 (Gg ayn 41% q-1yne2 ++ + Fqn-1%qn) OF {@4, Mg... - Gan} generates a 
group of what order ?+ 

29. What is the order of the group generated by 


{(1 2 3 4), (567 8), (9 10 11 12)} in Ayo 17 
30. What is the order of the group generated by the subset 


{(dyQq -- + ας... χα), (Gn χα... - -Gen—140n), +++: 
(Q¢q—1yn+1%q-1yn+2 - + + Van- 1%an)} 

Of ϑ τον»... Gen}? 

31. Prove that for every ἢ € wo, there exists a cyclic group of 
order 7. 

32. Every subgroup of a cyclic group is cyclic. 

33. What is the subgroup of the cyclic group Z.,, + generated by 
= 
24 ὲ 

What is the subgroup of Z,,, + generated by rh 


34. What is the subgroup of the cyclic group Z,,, + generated by 
3 5 10 
—? by —? by —? 
13° PY 73° PY Τῇ 

35. A group of prime order admits only trivial subgroups as sub- 
groups. 

+ For the notation see Ch. 8, δ]. 
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36. By the order of g belonging to the group G, * we mean the 
order of the subgroup generated by g. 
If g is of finite order, prove that the order of g is the smallest 
nN Ew , Such that n | g = ν. 
37. The order of every element of the finite group G, « divides the 
order of this group G. 
38. In every group the neuter is the only element of order 1. 
39. Every group in which all the elements except the neuter are 
of order 2 is commutative. 
40. Every group of prime order p is cyclic and the order of every 
element different from the neuter is p. 
41. LetaeG, +. If grp (a) is of order xn < οὐ, then grp (ma) is 
of order (m Vv n)/m = n/(m A vn). 
42. The order of a permutation is the L.C.M. of the orders of the 
disjoint cycles of which it is the product (see exercises 29, 30). 
43. Let g be an element of G, +. If the order of g is n, then 
(mg = 0 <> n/m). 
44. If G, and G, are finite subgroups of a group G such that 
# Gy A # Go = 1, we have # (G, ΓᾺ Go) ΞΞ 17. 
45. Partition the quaternion group 2, . into left cosets with respect 
to the subgroup generated by 7. 
What are the cosets of grp (7), of στρ (k), of στρ (1), of grp (—1) 
and of grp {i, 7} (each time in 2, .)? 
46. Denote the symmetric group of {1, 2,3} by #3. Find the 


| 123 1 2 3\). 
cosets of {(; 9 3). (; 1 3) } in He 


47, What are the cosets of grp (a) in Klein’s four-group? The 
same question for grp (δ), grp (a * 6) and grp {a, ὃ} (each time in V)? 
48. Denote the symmetric group of {1, 2, 3,4} by 7,. Denote by V 
1.28 4 12 8 4 fl234\ 28 4 
the subgroup {{| 2 3 κ᾽ (; Ι 4 :) [ 41 >). (; 3 2 i) bof He 
Find the cosets of V in 14. | 
49. If H is a subgroup of the group G, + 
VgeG: g*H=H<=-geH 
Va,beG: axH=beHoedebecHsbeaecH 
Va,beG: Hea=HebebedcHeaxbeH. 
{ Tr. See Appendix. 
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Modules or Commutative Groups 


81, INTERSECTION OF SUBMODULES 


Let M, + be a module or a commutative group whose law is 
denoted +. Its subgroups are called sub-modules or simply 
modules, and we shall denote by mod P the submodule of M, + 
generated by the subset P of M. 

The set Mt of submodules of M, + is ordered by inclusion and is 
stable for the law Q. The intersection A ὦ B of two submodules of 
M, + is the largest submodule of M which is smaller than A and 
smaller than B. We express this fact by saying that ἃ Ὁ B is the 
infimum of A and B in the (partially) ordered set I, C. 

In symbols: 

VA,Bem: AB = inf {A, B} 
Exercises 


L. We recall that a relation defined in a set Εἰ is called an ordering§ 
when it is at the same time reflexive, transitive and anti-symmetric f. 

Every set E provided with an ordering is called an ordered set. 

Let < be an ordering defined in the set E. (Ifa <6 we shall say 
that a is smaller than ὁ.) 

We have defined implicitly above the infimum (when it exists) of 
two elements of the ordered set T, <. 

We define the infimum of {a, b} C T to be the largest element of 
T which is simultaneously smaller than @ and ὃ. 

In the ordered set 

(w\{0, 1), lf 


the pair {2, 3} has no infimum. 
2. In the ordered set Y, C of subgroups of the group G, * we have 
VA,BeY: ANB = inf {A, B} 


§2, PRODUCT OF SUBGROUPS OF A GROUP G, * 
Proposition. The product A+B = {axb}aeca, be B} of the 
subgroups A, B of a group G, * is not necessarily a subgroup of G, *. 
7 Tr. See Appendix. tTr. See Ch. 6 §5. 
§ Tr. This is sometimes called a partial ordering. See Appendix. 
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Consider the group G, ο formed by the plane rotations with centre 
p and the symmetries with respect to straight lines containing the 
point p. Let I be the identical transformation and denote by a and 
ὃ the symmetries with respect to the straight lines « and β (see 
figure). 

It is evident that A = {I, a} and B = {I, b} are subgroups of G, ο. 


It then follows that 
BoA = {I,a,b,boa=r} 


where r = δοα = rot (p; +25). 
(where rot (p; "26) denotes the rotation with centre p and of angle 
‘25 grades). 


Consequently r? = ror = rot (p; °5) 
= a symmetry with respect to p, 


whence 7? ¢ Β ὁ A and B >» A is not a subgroup of G, o. 


§3. ADDITION OF SUBMODULES 

Proposition. The sum A + B = {a + b} ac A,beB} of the sub- 
modules A and B of M, + is a submodule of M, +. Furthermore, in 
the ordered set M, C of the submodules of M, + we have 


VA,Bem: A+B = sup {A, B} 


By the last equality we are claiming that A + B is the supremum 
of A and B, i.e. the smallest of the elements of “δ, C which are 
larger than A and B. This is an immediate consequence of the first 
part of the proposition. 

To establish that A + B is a submodule of M, + it is sufficient to 
prove that the difference of two elements of A + B belongsto A + B. 


+ Tr. Here we have 1 grade = 1 revolution = 360°. 
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Let Q,,4@,¢6 A and b,, be ΕΒ. 
Then a, + 6,¢A + Banda, + b2€A + B. 
We get 
(a; + by) — (dq + be) = (a, + 6; — bg — 4g) — (general properties 


of groups) 
= (a, — a) + (ὃ. — 5g) (associativity and 
commutativity of + ) 


EA+ 5 
Q.E.D. 
Exercises 
1. InR, < 
inf (δ, ν 3) = V2; — sup (δ, V2} = 5 
2. In a, | 


inf (12,16) = 4; sup (12, 16) = 48 

3. In the ordered set Y, C of subgroups of the group G, * we have 
VA, Be@: sup {A, B} = grp (A U B) 

4. In the ordered set M, C of submodules of the module M, + 


we have 
VA, Be ®: A + B = sup {A, B} = mod (A U B) 


84, LATTICES 
Every ordered set in which every pair of elements admits an 
infimum and a supremum is called a lattice. 


Examples 
1. Every totally ordered set? is a lattice. 
2. w, | is a lattice (inf {a,b} = a@ A 6; sup {a, b} = a v ὃ) 
3. For every set Εἰ, the ordered set PE, C is a lattice 
inf {A, B} = ANB; sup {A, B} = AUB 
4. The set Y of subgroups of a group G ordered by inclusion is a 
lattice 
inf{A,B} = ANB; _ sup {A, B} = grp (A U B) 


+ Tr. See Appendix. 
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Note in particular that the set It of subgroups of a module M, + 
is a lattice (for inclusion). 
We have 


inff{A,B} = ANB;  sup{A,B}=A+B 
5. If A and B are subsets of the module M, + we have 
mod A + mod B = mod (A ὦ B) 
In particular, we have 


mod {a, ὃ) = moda + mod b 
mod {a, b,...,m} = moda + modb +...+ modm 


§5. EXERCISE 


The set V of vectors of ordinary space having a point 0 as origin 
is a module for the addition of vectors. If A is a straight line 
passing through 0, the set of vectors of V with their end-points i in 
A is a submodule of V. 

Let « be a plane containing the point 0. The set of vectors of V 
with their end-points in « is a submodule of V. 

Let A,B,C be submodules of V defined by three non-coplanar 
straight lines each containing 0. The reader is asked to describe 
the submodules A + B, B + C, C + A. 

Establish the equalities 


ANB=BnC= ii gm 
(A+ B)N(B+C)=B 
(B+ C)N(C + A)=C 
(C+ A)N(A + B)=A 
A+B+C=V 
(A + B)N(B + ΟΥ ἡ (Ὁ + A) = {0} 
Let X and Y be submodules defined by new straight lines con- 


taining 0. Knowing that X # Y and A + B # X + Y¥ what can 
you say about 


(A + B)O(X + Y)? 


§6. DEDEKIND’S THEOREM 


Lattices are provided with two inner laws, the infimum and the 
supremum. 
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We know that, in the case of a lattice PE, C, M, U we have the 
double distributivity 


VA,B,Ce FE: AN(BUC) = (AN B)U(ANQ) 
AU(BNOC) = (AUB)N(AVUC) 


The lattice ὩΣ, C of submodules of a module M, + does not (in 
general) satisfy either of these rules. 


Counter-example 
Let a and ὃ be two non-collinear vectors with the same origin 0. 
Consider the module W, + defined by 


W = Za + Zb 


Since all the vectors we have to consider have the same origin 0, 
it is convenient to denote them by their extremities. ‘This being so, 
the points of the figure below represent vectors of the module 
W, +; in particular the vectors of Za and Zé are represented respec- 
tively by crosses and small circles and the vectors of Z(a + δ) are 
represented by stars 


: ~ ν * 
ax bd 


©8000 χοῦ OOOO 


ἂ ae * ἊἋ 
= A - - ~ 
*« - - * με 


Tt follows that 


Zia + δ) Ὁ (Za + Zb) = Z(a + b) NW = Za + ὃ) 
(Z(a + δ) Ὁ Za) + (Z(a + δ) Ὁ Zb) = {0} + {0} = {0} 
Z(a + δ) + (Zan Zb) = Z(a + b) + {0} = Ζία + ὃ) 
(Zia + b) + Za) Ὁ (Z(a + δὴ + Zb) = WOW =W 


Thus we have just seen that the set of submodules of W, + does 
not satisfy either of the two rules of distributivity. 

We shall establish that in every module M, +, three submodules 
A, B and C satisfy the distributivity rule of + with respect to M as 
long as A C C. More precisely, we shall prove that if A, B, C are 
submodules of any module: 


ACC=+=A4(BOC) = (A + B)O(A + C) 
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Since A C C > A + C = C, we have to establish 

Dedekind’s modular theorem -- If A, B, C are submodules of any 
module, 

ACC=A+(BNC)=(A+B)NC 

Proof 

We shall show successively that we have 

A+ (BOC) C (A + B)NC 

and (A+ B)NCCA+ (BNC) 

1. LetxaeA + (BNC); 
then a = a +d, withac A,de BNC. 
Since de B, a =~ a+deA + B. 
Since de C, thenz =~a+deA+C. 
Therefore σε (A + B) M (A + C) = (A + B) NC, which establishes 
our first inclusion. 

2. Letxe(A + B)NC; 
whence ἃ = a + ὃ, withac Aandbe Banda + beC. 
Since A C C, we have ae C and a + be C; whence be C. 
Since we already know that ὃ ec B, we conclude that ὃ ε BN C. 
Thus we have « = a + b, withac A andbJEBNC, 


hence xeEA+ (BNC), 


which establishes the second inclusion mentioned. 


Exercise 
if A, B, C are submodules of any module, we always have 
AN(B + C) > (ANB) + (ANC) 
and A+ (BNC) C (A + B)N(A + C) 
Note 
Let A, B, C be submodules of any module whatsoever. We have 
already seen that if we apply the distributivity rule of + with 


respect to ἡ to the expression A + (BC) knowing that A C C, 
we find that 


A+(BNOC) =(A+B)NC 
It is interesting to note that if we apply the distributivity rule of 
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ΓᾺ with respect to + to the expression (A + B) MC knowing that 
A C C, we find that 
(A + B)ANC = (ANC) + (BNC) 
=A+ (BNC) 


Thus the modular rule appears to be the expression of an attenuated 
(or conditional) distributivity both for the law + with respect to the 
law © and for the law M with respect to the law +. 


Revision exercises on Chapter 5 

1. We have seen (§3) that the sum A + B of two submodules A 
and B isa submodule. This property can be generalized : prove that 
if A and B are two subgroups of the group G, *, the product A αὶ B 
is ἃ subgroup of G, αὶ if and only if Ax B = Bw A. 

2. Denote by «95 the set of segments of a straight line D; (we recall 
that for every (a, b)¢D x D such that a < ὃ, the segment 

(a, 8] is defined by [a, b] = {ee Dia < a < δὴ) 

¥ is ordered by inclusion. The reader is asked to show that /, 
C,A, ὦ is not a lattice. (Clue: what is the infimum of a pair of 
disjoint segments 1) 

How can we make a slight alteration in the definition of a segment 
so that the set of segments becomes a lattice? 

3. If a lattice satisfies one distributivity law, it satisfies the double 
distributivity law. 

4. In how many distinct ways can we make a set of 3 elements into 
a lattice? (It is advisable to use diagrams.) 

5. The same problem for a set comprising 4 elements. 

6. Let E be a set of 5 elements. Define two orderings <, and 
<, on E such that E, <,, inf, sup is a lattice and Εἰ, <g, inf, sup is 
not a lattice. 
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The group Z, + 


$1. We have already cited the group Z, + as an example and we have 
used when necessary some of its properties when we defined the 
scalar law. We shall recall these properties below, and, using the 
ideas of group theory, we shall undertake a detailed study of Z, + 
which will lead onto the fundamental theorems of elementary 
arithmetic. 


§2. FUNDAMENTAL PROPERTIES OF Z, +, < 


Z is the set of rational integers and may be defined starting from 
the set w of natural integers 


w = {0,1,2,3,...} 


The elements of ὦ are the cardinals of finite sets. The number 0 
is the cardinal of the empty set ; the number 1 is the cardinal of every 
set comprising a single object. 

The set w is furnished with an inner law named addition and 
defined in the theory of sets. This law is everywhere defined, 
associative and commutative and it admits the neutral element 0. 

For every 7” € wo, the number 2 is the sum of πὶ terms equal to 1. 


n=l1l+1+...¢+1 
 nterms 
This law admits cancellation, i.e. 
Va,z%,yeow: Q@atezrat+yrre=ay 


Ifb =a + 2, with a, b,x Ε ὦ, we write 


a<b 
and we write 
a<b 
if we know that a + ὃ. 
62 
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From the cancellation property, the element x is completely 

defined by the pair (a, b) and we write 
x=b-a 

Thus there is defined in w an inner law denoted by — and called 
subtraction. 

If x and y are two elements of w, we have x < yory < 2. 

Since the union of non-empty sets is a non-empty set, every sum 
of non-null elements of w is not null. It follows that the null 


element of w is the only element of w which admits a symmetric in 
cy 


Consequently to extend w, + to a group it is necessary to add to 
w some new elements as symmetrics of the elements of w). We do 
this by putting 

Z= (—wo)Uw 
—Wy = {—N} NEw} 


Evidently we assume ὦ ™(—w ) = 3, and since in a group two 
distinct elements have distinct symmetrics, the map ὧὡῃ --Ὁ 
—W. :n—> —n must be a bifunction. 

We know that in any group, 

<j t HH «2 
(by putting -y - τ = -α + (—2)) 
We therefore must put 


Va, yew: (—x) + (-y) = -ἰν + 2) = —(@ + y) 
Thus —w, possesses a commutative and associative addition, It 
remains to define the sum 
x+(-y) with ἃ, yeu, 
We know that we have 
μέν ὦ έν 
If y < x, let us put 
ΕΓ a2 ΞΥ 
and ifa < y, 
2+ (-y) = —(y — 2) 


Thus Z is provided with a law + everywhere defined, and the 
6 
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reader can establish without difficulty that Z, + is a commutative 
group. 


We already know that w is a stable subset of Z for addition. We 
shall say in general 
Va, yeEZ: “<oysy-—-xew 
The relation < defines an ordering in Z. Since Z = w U (—w), 
we necessarily have 
VzeZ: zE€w or ΖΕ -ωὼ 
Therefore 
Va,yeZ: say oO "τὰ 
We express this property by saying that the ordering < in Z is 
total, i.e. given any two elements x, yin Z, then eitherx < yory < 2. 
The law + and the relation < defined in Z are compatible in the 
sense that 
Va,b,2,yeZ: ας and «<y>atucbt+y 


We express this fact by saying that Z, + is an ordered group. 


Exercises 

1 Va,yeZ“Z: τέ νι: πυξ -ὦὸ 

In the following work we shall also make use of the fact that every 
non-empty set of natural integers contains an element < every 
element of this set. 

2. Prove the different propositions enunciated in the above para- 
graph. 


§3, DEFINITION OF MULTIPLICATION IN Z, + 
Since Z, + is a group there is defined a scalar law (Chapter 3, §7) 
ZxZ—-+Z: (a, g)>2z.9 


Note that this scalar law is here an inner law of Z. We call it 
multiplication. Let us show that it is commutative. 
Proof 
By virtue of the properties of the scalar law, we have 
(—a).6=a.(-—b) = —(ab) 
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whence (—a)(—b) =a.6 


It is therefore sufficient to establish that 
a.b=b6.a with a,bew 


Since we evidently have 
a.0=0.a=0 


we may assume a,b E wo 
Then 
ab=b+6+4+...4+56 (definition of the scalar law) 
Se 
a terms 
=(1+...4¢1)+...¢(1 +...4+)) (definition of δ) 
---- ο----.Ἀ ἯὉ-.....,......... 
ὃ terms b terms 
ο΄ ἃ brackets 
=(1+...41)+...4+(1+...+1) (general associativity of 
a terms a terms 0 
b brackets 
=a@+...+4 (definition of a) 
--.-- 
ὃ terms 
= ba (definition of the scalar law) 
Q.E.D. 


From the general properties of the scalar law the reader should 
prove moreover that multiplication in Z is associative. 


Exercises 
1, Prove the associativity of Z, .. 


2, Wa,beZ: a.b=0<aorb=0. 
We note that the rules of scalar laws 


(ὃ + c)a = ba + ca 
and a(b + c) = ab + ac 


can each be deduced from the other by commutativity. Wesay that 
multiplication in Z is distributive with respect to addition. 


ἑ 
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Definition. Instead of saying that the module Z, + is provided with 
a multiplication written . everywhere defined, associative, and distribu- 
tive with respect to addition, we shall simply say that Z, +,. is a ring. 

We indicate that the multiplication is commutative by saying 
that the ring Z, +,. is commutative. 

Let us now give an explicit definition of a ring which has been 
defined implicitly above. 


Definition. Every module provided with a second inner law, every- 
where defined, associative and distributive with respect to addition is 
called a ring. This second law is called multiplication. 


§4. THE ORDERED RING Z, +,., < 


We have seen that Z, +,. is a ring and Z, +, < an ordered 
module. We know that ὦ is the set of positive elements of Z (i.e. 
elements > 0) and that w is stable for addition. 

It is clear that w is stable for multiplication. When the module 
A, + of a ring A, +,. is a module ordered by an ordering < and 
the set of positive elements of A is stable for multiplication, we say 
that A, +,., < is an ordered ring. 


Theorem. Z, +,., < is an ordered ring. 
Corollary. lfa,b,ceZ 


a>0and6<c=ab<ac 


The formula ὃ < c means that c — bew. 
Similarly a > 0 is equivalent to a € w. 
The stability of w for multiplication implies 


a(c — b)Ew 


hence also 
ac — abew 
and 
ab < ac 
Q.E.D. 
Exercises 


Ι. Leta,b.ceZ. Establish the result 


ας and 6<c=ab2>ac 
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2. Define [α Ὁ and prove the formula 
[lal — [|| < ja + δ] < Ja] + [δ] 
3. Let E bea set. Prove that PE, A,  1Β a ring. 
4, Prove that the structures Z, +,.; Ὁ, +,.; R, +,.; GC, +.. 
5. Prove that the structure w, +,. is not a ring. 
85. sTUDY OF Z,.. FACTORIZATION 
Divisors 
We shall say that a ε Z divides ὃ ε Z, and we write a|b if and only 
if there exists a g € Z such that ὃ = aq. 
In symbols 
Va,beZ: albeAgeZ: ὃ = aq 
Instead of saying that a divides ὃ, we can say that ὦ is a divisor 
(or factor) of ὃ or that ὃ is a multiple of a. We sometimes write 
a|b\c for a|b and dlc. 


Exercises 
1. Va,be€Z: alb<a|(—b) < (-—a)|b = (-- α) (-- ὃ) 
a|b <> |a| | δ] 
alb and bla<=|a| = [δ] 
1|a|(—a)|0 
a\a 
2. Va,b,ceZ: alblc = alec 
a\b and alc = αἰ(ὃ + c) 
3. Va,b,c,m,neZ: albandalc = almb + ne 
αἰ = albe 
4. The relation | defined in Z is reflexive, transitive but not anti- 
symmetric: it is not an ordering. 
5. The relation | defined in ὦ is an ordering. 
(for the relation | is anti-symmetric in w 
αἷ and bla<a = δ) 
ft Tr. [α] is the modulus of a, defined by 
la] =a,a2>0 
|—-a|=a,a> 0 
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Non-trivial divisors 

Let us denote the set of divisors of z by div z. 

In symbols: 

div z = {eZ} a|z} 
We therefore have 
{1, —1,z, —z} C divz 
The elements 1, —1, z, —z are called the trivial divisors of z. 


Exercises 


1. divO = Z, div 1 = div (—1) = {1, —1}, divz = div (—z) = 
div |z|. 


2. div3 = {...} - 
αἷν 7 = {...} 
div 12 = {...} 
div (-- 18) = {...} 
div (4) = {...} 
div (8) = {...} 


3. VzeZ:zedivz, —zedivz, |z| edivz, ledivz, —ledivz. 
4. alb<> diva C αἷν ὃ ~aecdivb 


-» αἷν α (ἡ αἷν ὃ = diva<+ diva divb = ἀἷν ὃ 
<> diva\divb = ὦ 


5. diva = div y <> |x| = |y|. 


Proposition 1 
γα, εΖῳ: alb = [αἱ < [6] (1) 
If a is a non-trivial divisor of ὃ, we have 
Ια < [6] (2) 
Proof 


The statement a|b is equivalent to |a| | [Ὁ]. 

If a|b then there exists an m € ὡρ such that [δ] = m . [α]. 
If m = 1, (1) is verified. 

If m + 1, we have 


[8] = [α] + (m — 1)]α] (m — 1) Ε ὼ 
Hence 
[δ] — jaJew and [αἱ < [Ὁ] 


If a is a non-trivial divisor of ὃ, we have (m — 1) € wo, hence (2). 
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Corollary 

For every z € Zo, a chain of successive non-trivial divisors 

... |ds|d4|dg|dqld,|z 

is necessarily finite. 

In fact we have in this case 

[2] > [4.4] > [44] > ae a 

Invertible elements 

An element x of Z is said to be invertible if and only if there exists 
xz’ ΕΖ such that zz’ = 1. It is easy to see that x is invertible 
<> τοῖς is invertible < |2| is invertible, and that the only invertible 
elements of Z are the numbers land —1. (Ifa,be€w,andaorb τὶ 
1, we have ab # 1.) 
Prime numbers 

An element Ὁ of Z is said to be prime if and only if it is not inver- 
tible and if its only divisors are its trivial divisors. 


suas i is not invertible in Z 


div p == {l, —l, Ῥ, —p} 


Exercises 

1. The number 2 is prime. 

2. p prime <> -- prime <> |p| prime. 

Proposition 2. Every non-invertible rational integer admits a 
positive prime divisor. 

Let z be a non-invertible rational integer. 

If z = 0 the proposition is obvious since 2|0. 

Let D be the set of non-invertible divisors of z. 

Then D = div z\{1l, —1}. 

Since z is not invertible we have D τὸ @. 

Moreover ὦ ε D = |d| ε D. 

Therefore DO w αὶ ὦ. 

Let p be the minimum (i.e. the smallest element) of D Ὁ ὦ (for the 
usual ordering <). 

We shall show that p is prime. 

Let d be a non-invertible divisor of p. 
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Then 1 # |d| | p. 
We have |d| < pand [4] ε Ὦ ἢ ω. 
Therefore |d| = p and p is prime. 
Q.E.D. 


Proposition 3. Every rational integer which is neither null nor 
invertible is the product of prime integers. 

Once again we consider every number to be the product of itself 
alone. Thus a prime number is “‘the product” of this sole prime 
number. And the proposition is true for the prime integers. 

Let z be a rational integer, neither null nor invertible. It is clear 
that z will be a product of primes if and only if this is true of [2]. 
It is therefore sufficient to prove that |z| is a product of primes. 

If z is prime the proposition is proved. Assume z is not prime. 

From the preceding proposition, there exists a positive prime 7, 
such that p, | [2]. 

We therefore have |z| = p,q2 where gq is a natural integer which 
is neither null nor invertible. If gg is prime the proposition is 
verified. (We then write p. instead of gz.) 

If g. is not prime, there exists a positive prime pz which divides 
qo. We then have go = poy where gz is, in its turn, a natural 
integer which is neither null nor invertible. 

If g, is prime the proposition is verified (and we then write p, 
instead of gz). Ete. ... 

If at the end of a finite number of steps we find a prime quotient 
dn, (we then put p, = g,) we obtain the prime factorization |z| = 
Pi-+-DPn- 

It therefore remains to prove that after a certain finite number of 
steps we necessarily find a prime quotient. 

If this were not the case we would have an unlimited sequence of 
positive proper divisors 


--:197| 46 | 48 44 | 44 | 44 [5] 
which gives rise to 
11> © Ga < Ge < ἧς < Ue < δ < Ge < [2] 


But we know that such a sequence is necessarily finite. 


§6. THE EUCLIDEAN RING Z, +,., < 
We know that every 7 € w, can be written 
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nmn=1+...4+ 1 
———— 
n terms 

Hence n < 14...4+1+1 
Scesaeiais pail 
Therefore, for every d € wy we again have 
n<d+...¢d 


ed 
n + 1 terms 
More simply 
n « (n+ l)jd 


The set of natural integers m such that n < (m + 1)d is thus a. 
non-empty set. Denote by q the smallest natural integer of this set. 
It follows that 
n < (q+ Ud 


And since ᾳ is the smallest natural integer satisfying this condition 
it also follows that 
ql <n < (ᾳ + jd 


If gd = n, we have (—”) = (—q)d. 
If qd τὶ n, we must have 


qd <n < (ᾳ + ljd 
Hence 
(—(q + 1))d « -n < (-(Ἕ4 + 1) + Ie 


We can therefore claim that 
VzEZ, Vd ew, Ξη ε Z: qd < 5 < (q + 1) 
Putting r = z — qd, we get 
z=qd+r and O0O<r<d 
We can therefore also affirm that 
VzeEZ, Vd E wo, gE Z, EZ: z=qd+r and O<r<d 
We can lift the restriction imposed on d by noting that 
z=qdt+r and 0<r<d 
is equivalent to 
z=(-q(-d)+r and 0<r< |-d| 


72 GROUPS 
Euchid’s Theorem 


§7. THE SUBMODULES OF Z, + 


Submodules. For all (non-empty) subsets P of Z, we shall denote 
by mod P the submodule of Z, + generated by P. 

By an abuse of notation, we shall write mod g instead of mod {g} 
for all g € Z. 

We then have 


mod {g} = modg = Zg = {zgizeZ} 
We recall that a submodule § of Z is said to be cyclic if and only 
if there exists a g € Z such that 8 = mod g. 


Theorem — All the submodules of Z, + are cyclic. 
Let M be a submodule of Z, +. IfM = {0}, it is perfectly obvious 
that M is cyclic ({0} = mod 0 = Z . 0). 
If M ¥ {0}, there exists a z such that 
0#zEeM 


We have at once ~zeM. And since one of the elements z, —z 
belongs to ὡρ we can be sure that 


Denote the smallest element of M A wy by g. 
We shall prove that 


M = Zg = modg 
Since ΠΕ M, we must have Zg C ΝΜ. 


It remains to show that M C Zg. (1) 
For every m Ε M, there exists a g € Z such that 
Wg@<m< (q+ ly (2) 


Since m Ε M and gg ε M, we also have πὶ — qgeM. 
By the properties of ordered groups, formula (2) implies 
0 «πὶ -- (ἡ «0 (8) 


Since g is the smallest strictly positive element of M, we cannot 
have m — qg # 0. 
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Thus m = qg and we have established that every element m of M 

belongs to Zg. 
ow Υ Q.E.D. 
Corollary 

For every non-empty subset P of Z, there exists one and only one 
element géw such that mod P = modg. This element, which is 
denoted by A P, is a linear combination with rational integral 
coefficients of elements of P. . 

In other words: there exist elements p,,..., p, of P and rational 
integers z,,...,2, such that A P = zp, +...+ 2nDn- 

Since the submodule mod P is cyclic, there exists a z € Z such that 
mod P = modz. And since mod z = mod |z|, there therefore exists 
ag €w such that mod P = mod g. 

We know that mod zx = mod y = |a| = |y|. (The reader should 
verify this.) | 

Thus there exists one and only one géw such that mod P = 
mod g. 

We have ge modg and consequently g¢mod P. And we know 
that every element of mod P is a linear combination with rational 
integral coefficients of elements of P. 


Special notation | 
For all elements a, ὃ Ε Z we shall put 
anb= Af{a,b} 


1. WzeZ: Af{z} = [2] 
2.Wa,beZ: avnb=baa 
ana = |a| 
3. Va,b,cEZ: ard (δ Δ 0) - (α Λ δὴ) Δα Ξε Afa,b,c} 
88. THE STRUCTURES Z, A, V andw, A, V 
We introduced above the commutative inner law A in Z. This 
law is entirely defined by 


Va,beZ: mod(a a δ) = moda+modb; aA bew 
(see Ch. 5, §4) 
We define similarly 


Va,beZ: mod(av δ) = modanmodb; av bew 


74 GROUPS 


Note that w is stable for both the laws A, v. Thusw. A. V isa 
substructure of Z, A, v. 


Both the laws A, v are commutative and associative. 

We have already established these properties for the law A. The 
commutativity and associativity of y result from the commutativity 
and associativity of the intersection of submodules. 

Exercise 
Give a detailed proof of this statement. 

Least common multiple 
We are going to look for a new characterization of a v ὑ. 
The element a v b is defined by 


mod (a v ὃ) = moda nN mod 8, av bew 


But mod a is the set of multiples of a, 
mod ὃ is the set of multiples of ὃ, 
mod (α v δ) is the set of multiples of a v ὃ. 


Since mod ὦ M mod b is the set of multiples common to a and b, 
we see that 


αν 6 is the natural number whose set of multiples is precisely the 
set of multiples common to a and ὃ. 


We call a v ὃ the least common multiple of a and ὃ. 
Greatest common divisor (or Highest common factor) 


We shall give a new definition of ~ P for every subset P of Z. 
Let us recall that ΛΔ is defined by 


mod A P = modP; APEw (1) 


div P is the set of divisors common to all the elements of P. Thus 
if A and B are non-empty subsets of Z, we have 


AC B=divA D divB (2) 
which implies that 
div g > div mod g (3) 
More precisely, we shall establish that we have, in fact 
VgeZ: div g = div mod g (4) 
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Taking (3) into account, in order to establish (4) it remains to 
prove that 
div g C div mod g (5) 


which is obvious, since every divisor of g divides its multiples, i.e. 
the elements of mod g. 
We shall prove the more general formula 


VP CZ: div P = div mod P (6) 


Since P C mod P, we have, by (2), div mod P C div P (7) 

On the other hand, mod P is the set of linear combinations with 
coefficients in Z of elements of P. Now, every divisor common to 
all the elements of P immediately divides every combination (with 
coefficients in Z) of such elements. (See the exercise below.) 

Thus, every divisor common to all the elements of P is a divisor 
common to all the elements of mod P. 

Hence div P C div mod P (8) 

Formula (6) follows from (7) and (8). 

Taking into account formulae (1), (4) and (6) we have finally 
VP C Z: div AP = div mod a P = div mod P 

= div P; APew (9) 

Thus AP is the positive rational integer whose set of divisors is 
precisely the set of divisors common to the elements of P. 

We re-express this characteristic property by saying that 
AP is the greatest common divisor (or highest common factor) of P. 


Exercise 
F 
Let d, x, . Ce. | ns Ὅν" ay c, € Z. 


A|a,,... Ax, > dleyx, +... + ρῶς 


$9. THE FACTORIAL RING Z, +,. 

Proposition. If a and p denote rational integers: p prime and 
praecZ=praa=l. 

In other words: 

If p is a prime natural integer which does not divide the rational 
integer a, we havep Aa = 1. 

In fact, div p = {1, —1, p, —p} and 

p ¢ div a, —pédiva 
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Consequently 
div {a, p} = divp N diva = {1], -- 1) 
hence 
aN p= A{a, p} = 1 
Proposition. If a, ὃ, c denote rational integers: 
albe and ant b=1=<ale 
There exist rational integers α΄, δ' Ε Zsuch thata Δ ὃ = a’a + δ}. 
Therefore 
1 = a'a + δ'ὺ (1) 
and 
στε aac + b'be (2) 
and hence a|a’ac and a|bc|b’bc imply ale. 
Q.E.D. 
Theorem — If a,b,c denote rational integers, a Nc=1l>aAb= 
a A be. 
We have div (a A 6) C div (a A bc) (since div (a A ὃ) = div {a, δ) 
C div {a, bc} = div (α A bc)), whence 
aAb|laa be (3) 
It remains to prove that 
anbe|anb 
Since a A c = I, there exist a’, c’ € Z such that 
l=aa +cc (4) 
On the other hand ἃ A ὃ is a linear combination with rational 
integral coefficients of a and ὃ. 
a\b=a'a + δ' (with a’, b" €Z) (5) 
Multiplying equations (4) and (5) term by term, we get 
aA ὦ = (aa + c'c)(a"a + δ") 
= (aa’a" + a’'bb” + a’cc’)a + (b"c’)(be) 
Therefore 
a ΔΛ bemod {a, bc} = mod a {a, bc} = mod (a A be) = (a A be)Z 
Thus 
α Δα δοΪαλ ὃ 
Q.E.D. 
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Corollary 1 -- If a, b,c denote rational integers,a Ab = landaAc=1 
=> aA (bc) = 1. 

Corollary 2 — If a, b;, bo, ...b, denote rational integers, a A 6, = I, 
oo %A 60, = 1 >a A (0,0,...6,) = 1. 

Corollary 3 — If p, p,,....P,_ denole prime integers, |p| # |p;|,..-, 
[2] τὸ |pnl > Pt Pr---Pr- 

Indeed 


lp| τ |p| ep AMR = 1 
and 


PF Py,+--> PnP A (Pi ---Pn) = 1 
Corollary 4 -- If py,..., Py, and py,..., P, denote primes 
n= n' 
2 ae There exists a permutation /: 
Pi---Pn = Pi---Pa > {1,...,5}-» f{1,..., 2} 


Since p, | p, ...p,, there exists f,,, such that 


\P1| = [Pray 
So p, must divide the product of the remaining ρ΄. 
Hence |p| = [Ῥω]: 
Finally, [Pn—a τῇ IPrn-1)| and ΓᾺ ΤΕ |Pjen|- 
Hence ἡ < π΄. By an analogous reasoning, n’ < ἢ. 
By its construction, f was injective. It is therefore a permutation 
of {1,..., }. 


Theorem -- Every rational integer z admits a prime factorization and 
this is unique (in the sense of corollary 4 above). 


This theorem is an immediate consequence of proposition 3 of §5 
and of corollary 4 above. 

We restate this last result by saying that the ring Z, +,. is 
factorial. 


$10. FACTORIZATION IN ὦ 
Prime factorizations 

For every rational integer which is neither zero nor invertible, the 
natural integer |z| admits a prime factorization. 


ΙΖ] ΞΞἢὰ...}ᾳ 
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where the p, are strictly positive primes. 

Ifz = — ||, we get z = (—1).pi---Pr = (—P1) . Po-+-Pn- 

Thus the prime factorizations of the rational integers are obtain- 
able in a very simple way from the prime factorizations of the natural 
integers in w. Therefore the indications are that we should deal 
systematically with w for the study of factorizations. We shall do 
this up to the end of this paragraph. oa" 

This convention having been implicitly accepted, the enunciation 
of the prime factorization theorem is simplified. 


Theorem — Every natural number (not 0 or 1) admits a unique prime 
factorization (up to the order of the factors). 


Examples 12 = 2.2.3 
4 - ἃ. 3 
8 = 2.2.2 
625 = 5.5.5.5 
Ἴ -- ἢ 
84 = 2.2.3.7 
Exercise 


Denote the set of primes of w by II. For every n Ε ὦ, we represent 
the set of prime divisors of n by p(n). Then we have 


p(n) = {πε Π ἢ x|n} 
p(0) = Π 
»(1) = @ 
By introducing the notation p(n), we have, in fact, defined a map 
p:w> Fil :n— p(n) 
The function p maps w, onto the set of finite subsets of Il. Two 
distinct natural numbers x 4 y may have the same image by p 
p(8) = p(12) = p(48) = p(18) = {2, 3} 
If a, ὃ denote natural numbers 


alb = p(a) C p(d) 
p(l) C pla) C p(0) 


For every natural number x τὸ 0, denote by sp(n) the product of 


the primes of p(n). 
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Then we have sp(48) = sp(12) = sp(6) = 6 


sp(a)|sp(b) <> p(a) C p(b) 

Theorem — There does not exist a greatest prime number. 

It is sufficient to prove that for every n € ὦ, there exists a prime 
greater than n. 

We know that there exists a prime p which divides the natural 
number n! + 1. And»! + 1 is not divisible by any prime <n. 

Therefore p > n. 

Q.E.D. 

Primary factorizations 

Every positive integral power of a prime is called a primary 
(number). 

If p is prime, for every ἢ € w, the natural number p" is primary 
and 2 is the exponent of the primary p” and p its prime. 
Kxamples 

625 is a primary of prime 5 and exponent 4. 

2, 4, 8, 1024, 3, 9, 7, 49, 121 are primaries. 

0, 1, 6, 18, 24 are not primaries. 


Exercises 

1. The prime numbers are primaries of exponent 1. 

2. Every divisor of a primary (except the trivial divisors + 1) isa 
primary with the same prime and exponent less than or equal to that 
of the primary. 

3. Every positive integral power of a primary is a primary. 

4. With the notations of the exercise of §10, x primary = spzx 
prime. 

5. Show that ἃ primary = # p(x) = 1. 

If we associate the equal prime factors in a prime factorization, 
we get a primary factorization. 

N= pf... pee 


We always assume implicitly that the p,; are distinct primes one 
from the other and the 6, non-zero natural numbers. 
7 
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Examples of primary factorizations 


240 = 2*.3.5 
625 = 5*. 
2=2 


The theorem on the prime factorization of the natural numbers 
enables us to enunciate 

Theorem — Every natural number (differing from 0 and 1) admits a 
unique primary factorization (up to the order of the factors). 

Corollary — If q is a primary dividing the product of primaries 
pf ...pés, there exists an i such that q = pj with 1 < 8, < &. 
Exercise—Prove the above corollary. 

811]. SETS OF DIVISORS AND FILTERING SETS 

Here we denote by div x, x €w the set of natural divisors of n, 
i.e. the set of divisors of n which are natural numbers. 

Obviously : 

alyedivn > xedivn 


We restate this proposition by saying that the set of natural 
divisors of a natural number is a filtering (set) of the ordered set 
w, |. 

In general, we say that the subset P of the ordered set E, < is a 
filtering (set) if and only if 


ax<yeP=z2xeP 


Examples and Exercises 

1. The set AA of subsets of A C E is a filtering subset of PE, C. 

2. For every subset P of w, the set div P is a filtering subset of 
ω,]. 

: {1, 3, 5, 15, 25, 75} is a filtering subset of w, 5 

4, {1, 2, 8} is not a filtering subset of w,|. 

5. If F is a non-empty filtering subset of w,|, we have le F. 

6. If the filtering subset F of w,| contains 0, we have F = w. 


1. If F is a non-empty filtering subset of PE, C, we have a ε F. 
If E belongs to the filtering subset F of PE, C, we have F = FE. 
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8. Let A C E. The set 7 of subsets of E which contain A is a 
filtering subset of PE, >. 

9. The filtering subsets of R, < are 

(1) the empty set 

(2) the set R itself 

(3) the open half-lines {5 ε R}a < r} 
(4) the closed half-lines {ce Rj a < 7}. 

10. A subset P of w,| is a filtering if and only if 

zxeP=>divze CP 

11. A subset F of PE, C is a filtering + (Ke F = PX C F). 

We leave to the reader the pleasure of proving the 

Theorem — Every intersection and every union of filtering sets of an 
ordered set is a filtering set. 

Denote by # the set of primaries. 

Since # is a subset of w, the set # has an ordering |. 

Proposition. For every n Ε ὦ, the set q(n) of primary divisors of n 
is a filtering subset of #,|. 

If n # 0, the filtering set q(n) is finite, whereas q(0) = # is infinite. 
Conversely, every finite filtering subset of #’,| is the set q(n) of primary 
divisors of some natural number n. 

We shall leave to the reader the task of establishing that q(n) is 
a filtering subset of #,|. We note in passing that φίη) is a filtering 
subset of w,| only form = 1. (In this case g(n) = ὦ.) 

Instead of saying that q(n) is a filtering subset of #,| we shall 
say that q(n) is a filtering set of primaries. 

Let us show that every finite filtering set of primaries is the set 
q(n) of primary divisors of a particular natural number 7 € wo. 

Let F be a finite filtering subset of #7,|. 

If F = @, we have F = q(1). We assume therefore that F 4 ο΄. 

Every « ε F is a primary and is written x = p° where Ὁ is prime 
ande@€w,. The set of primaries of F having p as prime is therefore 
a finite non-empty set. Consequently, one of these primaries has a 
maximum exponent. We shall say that such a primary is maximal 
(because it does not divide strictly any other element of F). 

We have therefore just shown that every element of F divides a 
maximal primary of F., 

Since F is finite, so, a fortiori, is the set of its maximal primaries. 
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Let us denote them by pf:,..., ps and let us put πὶ = py... p™. 

We shall prove that F = g(m). 

Let xe F. The number z is primary and we have just seen that it 
divides one of the maximal primaries of F. It is therefore a primary 
divisor of ». Henee xegq(n). We have just established that 
F C q(n). 

Conversely, every primary divisor of πὶ is of the form pf with 


pi | pre F 
Since F is filtering, we therefore have pfic F. Thus g(n) C F. 
Q.E.D. 


An iwomorplhism of ordered sets 


Consider on the one hand the ordered set w, |. 
Now put © = {9(n)} new}. 
The elements of ® are therefore 
the finite filtering sets of primaries 
the set # of primaries of w. 
Having made this definition, let us consider the ordered set ®, C. 
In defining g(x) we have in fact defined a map ᾧ : ὦ --Ὁ ®:n-— 
q(n). 
As a result of the uniqueness of prime factorization, we have 


Va, bew: ( τὸ ᾧ «» ηγί(α) = χ(ϑ) 


Thus q is a bijection of w onto Φ. 

Proposition. Va,bew: a\b <> g(a) C q(b) (1) 

If a\b every primary divisor of a is a primary divisor of b and 
g(a) C q(b). 

Let ὃ = pp sa . pss. 

Since φία) C q(b), every primary divisor of a@ is a primary divisor 
of ὃ. Therefore every primary divisor of ἃ is of the form p* with 
1 < k, < e, (for some value of 7). 

Since a is the product of its maximal primary divisors we then 
have a = phi... ps with 0 < kh, < δι. 

Thus a|b. 

Definition. We express the fact that q is a bijection ὦ -- Ὁ satisfying 
(1) by saying that ῳ is an isomorphism of the ordered set w,| onto the 
ordered set D, C. 
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812, THE DISTRIBUTIVE LATTICE ὦ, A, V 
We know that g is an isomorphism of ordered sets 


q:w,|—>®, C 


We have defined the laws A and y in ω,]. 

The laws A and y are completely defined by the structure of the 
ordering w,|, and the laws Ὁ and U are defined in the same way in 
Φ, ς. 

Since the union and intersection of filtering sets are filtering sets 
and every finite filtering set of primaries is the set of primary 
divisors of a natural number, the set @ is stable for ἢ and U. Thus 
we can speak of the structure ®, M, ὦ. 

In fact, A, V are the infimum and the supremum for the ordered 
set w,| while Ὁ and ὦ are the infimum and the supremum in the 
ordered set ®, C. 

It follows that 

φία A ὃ) = g(a) α(δ) 
g(a ν δ) = g(a) ὦ g(6) 


By the isomorphism 
q:@,A,V “σι 


the properties of the structure w, A, Vv are carried over to Φ,, ὦ 
and conversely. 

Thus, the mutual distributivity of M and ὦ implies the mutual 
distributivity of A and v. 

Theorem — The laws A and ν defined on ὦ are mutually distributive. 
In other words : 


Va,b,cew: an (bvc)=(an b)v (anc) 
av (ὃ ΔΛ 6) =(av δ) Δ (av ec) 
More simply : 
The lattice w.|, A, Vv is distributive. 


813, UTILIZATION OF THE PROPERTIES OF Z, + IN THE STUDY OF 
GROUPS 
Let G, « be any group whatsoever and g one of its elements. We 
say that g is of finite order n if and only if πὶ is the smallest natural 
integer such thatn | g =v. In this case, the cyclic group generated 
by g is itself of order n. 
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Indeed we know that 

erp (9) = Z 1g = Lg}zeZ} 
But every z € Z may be written 

z=qn+r with geZ, 0O<r<n 


Therefore 
5.1 δι ἘΝ) lg 
= (qr) 1 g)*(r 19) by (Ch. 3, §4.1) 
=(¢ql(vig))*(r 1 9) by (Ch. 3, 89.1) 
-ι (ᾳ | v)*(r | g) because n | g = v 
=v«(r | g) by (Ch. 3, §11 Ex. 3,) 
=r lg by the definition of the neuter of a group 
Consequently 


ep (0) -Ξ 2.1} σ -- {.ὄ Lgjre{0,1,2,...,. — 1} 


It remains to prove that if a and ὃ are two natural numbers strictly 
smaller than ἢ, we have 


a#b=>alg#big 

We may assume that a < b. The equality a | g = ὃ | g would 
imply (6 — a) | g =v which is impossible since 0 < ὃ — a < ἢ. 
The proposition is thus established. 

If g is not of finite order, we must have grpg = Z | g where 

Va,yeZ: zxxzyralgt#ylg 

(Indeed if this were not so, we could assume x < y withz | g = 
y | g and hence (y — x) | g = v where y — ὦ is a non-zero natural 
number, which would imply that g is of finite order.) 

Theorem 1 — In a group of finite order, all the elements are themselves 
of finite order and the order of every element divides the order of the 
group. 

(We have in fact seen that if an element is not of finite order, it 
generates an infinite group, which is impossible in a group of finite 
order. On the other hand, the order of an element is ipso facto the 
order of a subgroup and therefore a divisor of the order of the 
group.)f 

+Tr.. See Ch 4, §13. 
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Proposition 1. If g is an element of order n, we have Vze7Z: 
zilg=veniz. 

If n|z, put z=qn. Hence z | g= (gr) Lg=qi(lg)= 
q |. v = ν, which establishes the implication <. 

Conversely, let z | g=v. Put πᾷ Ἐν. zlg=v then 
implies r | g = v and therefore r < ἢ means that r = 0, which 
establishes the implication =. 


Proposition 2. If g is an element of finite order n of a group G, x, 
we have δα, ΕΖ: «Lg=y Lgwn|(x — y), or its equivalent 
Vu, ye: «1 g=y lg~ == (where we use the notations of 


n 
Chapter 2, e). 


Exercise 
Prove this proposition. 
Proposition 3. If g is an element of finite order of a group G, κ and 
if d\n, the element ἃ | g is of order n/d. 
Put 2 = qd (therefore g = n/d). 
We have | 
nig=(@)lg=ql@lg) 


Consequently, since 7 is the smallest integer such that » | g = v, 
the quotient ἡ ἃ is the smallest integer such that 


qi(dtg)=v 
Q.E.D. 


Proposition 4. Let g be an element of finite order n of the group 
G, « and let k be a natural number such thatk An = 1. The element 
k | g is then of finite order n. 


Moreover, στρ (k | g) = grpg. 

Since k | gegrpg, we have grp (k | g) C grpg. 

It remains to prove that grpg C grp (k | g). 

To do this, it is sufficient to establish that g € στρ (k 1 g), i.e. that 
there exists z € Z such that g = z | (k | 9). 

Now k A ἢ = 1 implies the existence of rational integers k’ and n’ 
such that 

l= Kk + n'n 
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Hence 

g=lig=(hKk+n'n) 1g 

= (Kk) | g«(n'n) 1g 
1 (ἃ Lg)*n’ 1 (nm ! 9) 
LR 1 σ)επ' Lv 
a 4 
a 


kf 
I! 
k! 
ke 
Q.E.D. 


Revision exercises on Chapter 6 


1. Let d,2,,%,...,%,€2Z. We have: (d|z,,dl|xo,...,d|z,) > 
d\(x, + %+...+2,). In fact, since djz,, we have x, €modd. 
Then 2;,...,%,¢modd and «, +...+2,¢€modd, hence d|x, + 
ces 


2. Letd,w,ceZ. We have dix, > dica,. 


3. Let z,d,z'€Z. Prove that the remainder after the division of 
z by d is equal to the remainder of the division of z + 2'd by d. 


4. Let z,deZ. We know that 


ΞαεΖ,ΞνεΖ: z=dgir, O<r< [Δ] 
Prove 
(a) dy|z and d,|d = d,|r 
(Ὁ) d,|d and d,|r => d,|z. 


5. (1) Va,beZ: (aja a b) a (δα a δ) = 1. 
(2) (de (w (Ὁ div {a, b}) and (a/d) a (b/d) = 1) >d=an b. 
(3) Condense 1 and 2 into a single proposition. 


6. The G.C.D. (or H.C.F.) of a set P of integers is not altered if we 
replace two elements of P by their G.C.D. 
In fact: 


mod (A {, %,..., %,}) = mod {a,, %,..., %} 
mod 2, + mod 5 +...+ mod2, 
mod (2), %} + mod 2, +...+ moda, 
mod (A {x,, %}) + mod wz, +... 

+ mod z,, 
= mod (Af{A {z, Xa}; a 0.0} n}). 
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7. Let 2, %q,...;%q_, dE Z. 
(a) (da, d|vg,..., d|a_) τὸ. dl A {x,, %a,..., Xn}: 
For: by hypothesis 2x,,% ,...,2,¢@modd. It follows that 
mod {%1, %,..-,;%,} C mod ὦ. Now: mod {2,, %,..., %} = 
mod (A {%;, %, . . ., Z,}), whichimplies A {x,, vg, ..., x,} © modd. 
Q.E.D. 


(b) dl A (xy, Ha, ..-, Sq} τὸ (dx, dlag, ..., 4{45.}. 
(c) Enunciate (a) and (b) as a single proposition. 


8. If x, %,...,%,€Z and cew, we have A {cx;, cXg,..., σας} = 
ὃ. WAGs ἴδον οὖς Beds 


9. Let 2, %,...,2%,€ Ζ δηὰ dew N div {x,,..., 2,}. 
We then have a {a,/d, xo/d,...,x,/d} = A{a,,...,2,}d. 


10. V2,,..-,%,€4,dEw (Ὁ div {z,,..., x}: 
(a) A {ay/ A {&y,..-> Up}, - Spf A{ay, .. +5 Bh} = 1. 
(b) A {x,/d, sees %,/d} =l=s=d= A {x, δὰ «5 4... 
(c) Enunciate (a) and (b) as a single proposition. 


11. In every ring A, +,. we have for every a,b,ce A: 
(1) —(-a) =a; 
(2) a(b — c) = ab — ac, 
(a — b)c = ac — be; 
(3) a0 = θα = 0; 
(4) (—a)b = —(ab), 
a(—6) = —(ab); 
(δ) (—a)(—6) = ab. 


12. Prove that {a + bija,b eZ}, +,., where the laws are the laws 
induced by those of C, is a ring (which we call the ring of Gausstan 
integers). 

13. Let G, + be a commutative group. We obtain a ring G, +,. 
by putting Va,beG:a.b = 0. 


14. Let Z, = {0,1}. We have already considered the cyclic group 


Zo, + defined by 
+/;0 1 
τὸ! 
110 
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Prove that by providing Z, with a second law . by putting 


Zo, +,. is aring. 
15. The structure Z;, +,. defined by 


1 2 ‘10 1 ἃ 


+] 0 
0101 2 
111 2 © 
Bis. 8 2 
is a ring. 

16. The ring of polynomials: A[X], +, .. 

Consider a ring A, +,.. Every expression of the form 

Apd° + a,X' +...+ a,X" 

where αν, @;,...,@,€A, and where X is a letter (which does not 


belong to A), is called a polynomial in X with coefficients in A. 
We make the following definitions : 


definition 1. > a,X'! = > διΧ' «- View: αἰ = by. 


definition 2. > α(Χ' + > b,X' = > (a, + b)X*. 
i=0 i=0 i=0 


definition 3. δ a,X!. $b,X! «Ὁ ( > ab) ΧΡ, 
i=0 j=0 k=0 +j=k 


The set of polynomials in X with coefficients in A, provided with 
the laws + and . thus defined is aring. This ring is called the ring 
of polynomials in X with coefficients in A, and is denoted by 
A[X], +,.. 

17. Determine the order of cach element of the cyclic group 
Zio, + (see §13, propositions 3, 4). 

18. Determine the order of each element of the cyclic group 
Zy, +- 

19. Determine the order of each element of the cyclic group 
Zp, + with p prime. 
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| 123 4..." -- 1 , 
20. wists i) be a permutation of {1, 2, 3, 4,..., 


n— 1, πῇ. 

What is the order of this permutation ? 

21. What are the orders of the elements of Klein’s four-group ? 

22. What are the orders of the elements of the group V3, o (the 
symmetric group of degree 3) ? 

23. If q(n) denotes the set of primary divisors of », we have 
(1) = ©. 

24. Let P be a set of primaries. Denote by pP the set obtained 
by replacing every primary p" of P by p"~"*? where p™ denotes the 
smallest primary of prime p belonging to P. It follows that for 
every ὦ, ὃ € wo, such that bla 


φ(α Ὁ) = p(g(a)\9(6)) 


i a Me = =i 


a a 


ary 


---- 
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Homomorphisms and Quotient Groups 


8], THE GRouP R, + AND PLANE ROTATIONS 


We know that R, + constitutes a commutative group and that the 
real numbers may be represented by non-terminating decimals. On 
the other hand, we know that plane rotations with given centre are 
defined by their angles, and that depending on the choice of an 
orientation these may be represented in gradest by non-terminating 
decimals deprived of their integral part. The addition of angles is 
then expressed by the natural addition of these amputated decimals. 

If in the decimal representation of a real number we suppress the 
integral part, we obtain an expression for an angle and therefore of 
a rotation (the centre of rotation and orientation having been fixed 
once and for all). 

For every real number r, denote by A(r) the rotation which r 
defines by the procedure we have just described. 

If r,, rg Ὲ R, we obviously have 


h(ry + 12) = A(71) ο (re) (1) 


In fact h is a map of the group R, + into the group R, o of rotations 
with fixed centre. We indicate that this map satisfies formula (1) 
by saying that A is a homomorphism of the group R, + into the 
group &, o. 


§2. HOMOMORPHISM 

A map ἢ: ἃ -- B is called a homomorphism of the group A, « into 
the group B, VY if it respects the group~laws, i.e. if A(x * y) = 
h(x) V h(y). 

Every injective} homomorphism is called a monomorphism, and 
every projective + homomorphism is called an epimorphism. 

Every bijection ἢ : A ~ B such that f and f~* are homomorphisms 


+ Tr. See Appendix. 
tTr. See Ch. δ, §1. 
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is called an isomorphism of the group A, « onto the group B, V. 
We often indicate that 2 is a homomorphism of A, αὶ into B, 7 by 
writing 
h: A,*—>B,V 


Two groups A, « and B, VY are said to be isomorphic if there exists 
an isomorphism A, « — B, V. 

When we studied the general properties of any group we were in 
the habit of using the sign αὶ for the law of the group. Thus we shall 
study the homomorphism of a group G, « into a group H, * using the 
same sign τ for the laws in G and H. 


§3. EXAMPLES AND EXERCISES 

1. Let A, * and B, * be groups. Every homomorphism ὦ : A, αὶ > 
B,* is an epimorphism A, *—hA,*. Every monomorphism 
m : A, * — B, * is an isomorphism A, κ — mA, «. 

The homomorphism ἢ : G, * — H, κ is an isomorphism if and only 
if 4 is a monomorphism and an epimorphism. 

2. Let f be a bijection of the group A, * onto the group B, Vv. If 
fis a homomorphism, then f~* is a homomorphism, 

3. We know that R, +; Ro,. and R¢,. are groups. The ex- 
ponential function 

exp: R— Ry : ὦ --ΞΞ exp (x) = εἴ 

is a monomorphism R, + —Ro,.. It is also an isomorphism 
R, + ~ Rf... 

The inverse map exp~* = log is an isomorphism R7,. — R, +. 

4, The transformation ¢ of Z 


ἐ: ὦ 2: α--» 2% 


is a monomorphism Z, + — Z, +. 
It is also an isomorphism 


':Z, + -ν 22, + 


5. The map R—> R/Z : n-d,d,....—>-d,d.... is an epimorphism 
R, + > R/Z, +. 

6. The multiplicative subgroup generated by —1 in the group 
Ro; ᾿ : 
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the group of permutations of a pair; 

the group A{a}, Δ; 

the subgroup generated by a symmetry in the group of permuta- 

tions of the plane ; 

the subgroup generated by ‘5 in R/Z, + 
are all isomorphic groups. 
ra 
2 

8. Which are the homomorphisms amongst the following trans- 

formations of the group Ro, .? 


7. The map Z — Z, : z > = is an epimorphism Z, + — Zo, +. 


(a) ὦ —>2 
(b) 2 —> 2? 
(c) «> 2° 
(d) «—a* 
(6) ὦ -» --α 
0) :-- --αὐ 
(g) x — 22 
(h) ὦ —> 3a 
(i) « -- l/a 
(j) «— --ἰ ὦ 
(k) ὦ > [|αἹ 
(l) e+ να] > 0 
9. The orthogonal projection of ordinary space Εἰ onto a plane Π 
defines an epimorphism of the group of translations of the space onto 
the group of translations of the plane. 
Let II, Il’ be two planes of ordinary space E. Prove that the 
group of translations of II is isomorphic to the group of translations 
of II’. 


10. The subgroup generated by i in Cp, . ; 
the subgroup generated by a rotation of an angle of -25 in 
R/Z, +; 
the group Z,, +; 
are isomorphic groups. 


11. Let G,* be a group. We shall denote by G" the set of 
sequences of n elements of G. 
It is easy to show that αὐ, * is a group for the law * defined by 


(43, 2g, ..-, 4) « (Dy, bg, ..., Oy) = (ay * by, Gq * bg, . .., a, * δ,) 
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If the set Εἰ consists of » elements, the reader should establish the 
isomorphism 
PE, A> ZB, + 


12. If S is a subgroup of the group G,*, the identical map 
S— 6 18 --ΞΞ 8 is a monomorphism §, « —~ G, «. 
13. Let h, and i, be homomorphisms of groups 


hy : Gy, « —> Go, * 


hg : Go, * > Ga, * 


The composite map ἦς o hy : G, — Gg is a homomorphism G,, * > 
Go, *. 
If h, and ἦ are monomorphisms, so is hy ο Ay. 
If h, and hg are epimorphisms, so is ἦα ο hy. 
If h, and hz are isomorphisms, so is hg o hy. 
If hg ο hy is a monomorphism, so is fy. 
If hg o hy is an epimorphism, so is hg. 
14. Let Y be a set of groups. Isomorphism defines an equi- 
valence in Y. 


15. Let A, * be a group and / a bifunction A+B. Make Ba 
group by providing it with a law « defined by 


Va,yeA: f(x) * fly) = fe *y) 


The bifunction f then becomes an isomorphism A, + — B, τ, 

When we procede in this way, we say that we have carried over 
the structure of A, * onto B. 

16. The transformation ἐ of R, defined by ¢(z) = 1 for > 0 and 
tx) = —1 for x « 0 is a homomorphism Ro,.— Ro,.. (We also 
say that it is an endomorphism of Kp, ..) 

The image of ¢ is {1, — 1} which is a subgroup of Ro, .. 

17. Definitions: Every homomorphism (ὦ, αὶ -- G,* of a group 
G, « is called an endomorphism of ἃ, *. 

Every isomorphism G, « -- G, κὶ is called an automorphism of G, *. 

18. The map [: Οἱ — Z : 27(z,/z_) --» z (with 2+ (z,z2)) is an epi- 
morphism 

{:Q¢,.—~Z, + 


19, Following the notations of set theory, we denote by Z®o the 
set of sequences (2, 2% ,..-,2,,;.-.-) Οὗ rational integers. The 
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natural definition of addition of sequences makes Z®o into a group 
Zo, +.¢ We shall denote by Z>? the set of almost null sequences, 
i.e. consisting of only a finite number of non-null elements. It is 
easy to see that Zo, + is a subgroup of Z%, +. 

The map 

Οἱ —> Zo : 24: 382.5%. 724, 11%s 18%... —> (21, Ζα» 25» 24s - + +) 
is a homomorphism Qj, .— Zo, +. 

It is an isomorphism Qj, .—> Z@0, +. 

20. Denote the set of natural primes (the number | excluded) by 
Il. The permutation p of II defines the isomorphism 

fs Qt, .—> Qt, . : 27:8%25% ... > p(2)* .p(3)2 .p(5)*s ... 

We also say that f is an automorphism of Q,,, .. 

21. The map x -- «x? defines an endomorphism of Ro, ., an epi- 
morphism Ry, .— R¢,. and an automorphism of Rj, .. 

The map 2 -- αὐ defines an automorphism Ro, .—> Ro, .. 


22. Let G,* be a group. The set of automorphisms of G, + pro- 
vided with the law ὁ is a group. 


§4. THE IMAGE OF A HOMOMORPHISM 

Proposition. Let h: G,*—H,* be a homomorphism of groups. 
The image hG = {h(x)} x ε ΟἿ of the homomorphism h is a subgroup 
of H, «. 

(a) Let us first establish that the image /(v) of the neuter ν of G, * 
is the neuter of H, +. It is sufficient to show that h(v) is an idem- 
potent of H,*. Since ἢ is a homomorphism, we have A(v * v) = 
(h(v) « (h(v)). Hence 

(h(v)) * (h(v)) = AY * v) = ἐν) 
which establishes the idempotence of h(v). 

(b) We next prove that the image h(Z) of the symmetric of x ε ἃ 
is the symmetric h(x) of the image h(x) of x. 

Since ἢ is a homomorphism, we have h(a * <) = h(x) * h(%), hence 
h(x) * h(Z) = h(a « &) = h(v) = v, and finally 


h(#) = h(a) 


+ Tr. Addition is defined by (x, %g, ... ἅπν ---)+(Ya» Yor --+ Yn» +++) 
= (21 +41, Tat Yor +++ Trt Ym +--+) 
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(c) The homomorphism / respects not only the law «, 
Va,yeG: h(a « y) = (h(x)) « (A(y)); 
it also respects the inverse law * 


Va,yeG: h(x Ἐψ) = (h(x) * (A(y)) 


In fact 
h (a * y) = h(x * ἢ) (definition of *) 
= h(x) « (9) (A is a homomorphism) 
= h(x) « hy) (by (b)) 
= h(x) Ἐ h(y) (definition of *) 


(ἃ) To establish that AG is a subgroup of H, « it is sufficient to 
prove that 


Vu, vehG: w*xvehG 


Since πὸ δ, there exists x eG such that wu = h(x). Similarly, 
there exists y Ε G such that h(y) = v. We have therefore 
w*v = (h(x)) Ἐ (h(y)) 
= h(x * y) (by (c)) 
which establishes the assertion. 
Exercises 

1, Leth: G, * + H, * be a group homomorphism. If § is a sub- 
group of G, *, the image AS of § by ἢ is a subgroup of H, «. 

2. Consider the group Ria], + of polynomials in 2 with real 
coefficients and let r(p) be the remainder after division of the poly- 
nomial » Ε R{x] by «2 + 1. The map 

r: Riv] > R[x] : p> Υ(}) 
is a homomorphism R{2], + — R[x], + (and thus an endomorphism 
of R{z], +). The reader is asked to describe its image. 

3. As an application of exercise 1, show that the rotations about a 
fixed point 0 expressed in grades by the rationals modulo 1 form a 
group. 

4, Every cyclic group is the image of Z, + by a homomorphism. 

5. (a) The homomorphic image of every cyclic group is a cyclic 
group. 

8 
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(0) Let 2 be a homomorphism defined on the cyclic group grp (9). 
Show that h is determined by the image of a generating element of 
grp (9). 

6. Every infinite cyclic group is isomorphic to Z, +-. 

7. Every finite cyclic group of order n is isomorphic to Z,, +. 

8. Find 

(a) a homomorphism Z,, + — Z4, +; 
(b) a homomorphism Z,, + — Ze, +; 
(c) a homomorphism Z,, + — {0}, +; 
(ἃ) a homomorphism Zs, + — {1}, .. 
The reader is asked to describe the images. 


δ. A REMINDER OF SOME SET-THEORY NOTATIONS 
Let 
h: G, « — H, κα 


be a homomorphism of groups. 

The homomorphism ἢ is first and foremost a map G—H. Con- 
forming to set-theory notations, we shall denote by AA the image by h 
of every subset A of G. 

In symbols 

VACG: hA= {h(a)}aeA} 


For every subset B of H, we shall denote by h~*B the image of B 
by the inverse relation ἢ ἢ. 
Putting this precisely 


VB Cc H: h-*B = {x € G@} h(x) ΕΒ) 


Warning: in order to facilitate writing we often omit brackets 
when no confusion can occur. Thus we shall simply write h~*ha and 
i~1ha instead of h~*{h(x)} and i~+(h(x)). 


Exercises 

(We assume throughout that ἢ is a homomorphism G, + — H, +.) 

1. h~*ha is the set of elements of G which have the same image as 
x by the homomorphism ἢ. 

The set {h~+*ha}2eG} is a partition of G which we call the 
quotient of G by h and which we denote by G/h. 
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2. The inverse image h~*S of every subgroup Καὶ of H, « is a sub- 
group of G, «. 

3. We have just seen that the elements of G// are maximal sets of 
elements of G having the same image by ἡ. Also ἀλλα ~ ha 
defines an injection G/h — H and a bifunction G/h — hG. 

This is the canonical bifunction between the quotient G/h of G by 
h and the image AG of G by h. 

4. Let p be the projection of the plane Il onto the straight line 
A C II by means of lines parallel to the straight line P (which is not 
parallel to A). We have pil = A and II/p is the set of projecting 
lines. 


§6. THE QUOTIENT OF A HOMOMORPHISM 


Let 
h: G, --- H, καὶ 


be a homomorphism of groups. 
We know that there exists a bifunction 7 which maps the quotient 
G/h onto the image AG. 


i: Glh—>hG : h-*ha — ha 
The inverse relation i ἢ is therefore a bifunction 
it~? :hG—-G/h: y—>h-*y 


Since AG is a subgroup of H, «, the bifunction ὁ ΠῚ allows us to 
carry over the structure of hG, * onto G/h. We again denote by * 
the group law thus defined on G/h, and the group G/h, * is called the 
quotient group of G, * by the homomorphism h. 

Let us describe explicitly the law * of G/h. Any elements of G/h 
may always be written h~*ha and h~*hy withz,yeG. To calculate 
h-*ha « h~*hy, note that h~*hx is none other than the image of hx 


by ὁ 1. 
Thus 
tha = h~ tha 
and 
ὁ ἦν = h-*hy 


Since i ~! is an isomorphism hG, * — G/h, *, we must have 
i~ (ha * hy) = i~*ha κα ἡ τ 
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hence h- (ha « hy) = hha « τὴν 
The law « in G/h, κ is therefore defined by 


Since ἢ is a homomorphism we may replace hee * hy in this formula 
by h(a « y), which permits us to enunciate finally 


the law in G/h, * is defined by 
h-*he αὶ h-*hy = h~*h(a « y) 


This expression of the law in G/A reveals that the projection 
G—>G/h:x2—>h-the 
is an epimorphism. 


87, THE HOMOMORPHISM THEOREM 

The results obtained in §6 allow us to enunciate the 

Theorem — Every homomorphism of growps 

h:G,*—H, « 
is the composite 
h=motce 
of the epimorphism 
e:G,*—G/h, * : ὦ — ἅτ λα, 
the isomorphism 
i: Glh, «> AG, : h-*ha > he, 
and the monomorphism 
m:hG,*->H,*«: yoy 

This important theorem may be restated by saying that the 

following diagram is commutative. 


h 
Go—"""*—> Hi, s 


Ci 6 te e, 4 
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The arrows in the above diagram indicate two possible routes for 
going from GtoH. By saying that the diagram is commutative, we 
simply mean that, starting from an element x of G, we arrive at the 
same element of H whichever route we follow. 

We indicate this below as a revision exercise. 

h 
z G0 it 
(mote e)x 
= m(i(ex)) 


8 comm. mi) oh» 


i 
ee = hha G/h——@——o1nG tex 
= i(h-*hax) 


§8. THE LAW INDUCED ON THE SET OF SUBSETS OF A GROUP 

Let A and B be subsets of the group G, *. By definition, we put 
A«*«B = {a*b}aeA,beB}. The set AG of subsets of G is thus 
provided with a law again denoted by * which we sometimes call the 
law induced by the group law of G, « in the set AG. 

If ae G and B C G we shall write a+ B = {a}+ B and Bea = 
B « {a}. 


Exercises 

1, The law - of AG is associative. 

2. If the group G is commutative, the law + defined in AG is 
commutative. 

3. The structure 7G, τ is not a group. (We note that, since G, * 
is a group, G # (σ΄). 

4. S$ is a stable subset of the group G, « if and only ifS «8 CS. 

5. If Καὶ is a subgroup of the group G, +, we have 5 τῷ - 5. But 
we can have S « § = 5 without § being a subgroup. 

6. If A,B,C are subsets of G, +, the inclusion B C C implies 
A*BcA*CandBeAC Ce#A. 

7. If 8 is an element of the subgroup § of G, +, we have 


s*S=Se#s=85 
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8. If A, B are subsets and x, y elements of the group G, *, we have 


ceAxyC BeAC &* Bee 


9. If x, y denote elements of a group G, « and P a subset of this 
group 
ceexyePoervePaGeyetePovete Pre 


§9. sTUDY ΟΡ G/h 

Let h : G, * > H, « be a group homomorphism. 

Every element of the quotient G/h may be written h~*ha with 
aeéG. The set ἡ λα is the class of elements of G with the same 
image as a (by the homomorphism h). We therefore have in par- 
ticular a € h-tha. 

The formula «¢h~1ha means that x has the same image as a. 
It is equivalent to the formula a ¢ h~*ha, which affirms that a has 
the same image as x. These two formulae are again equivalent to 
ha = hx. This last also amounts to saying that the class of elements 
with the same image as a coincides with the class of elements with 
the same image as x, which is expressed by the formula h~*ha = 
h-the. 

We make a note of these remarks: 


We shall also use other formulae equivalent to ha = ha. 


ha = ha <> hi «hu = ha «ha (since H, * is a group) 


«» λ(ἃ κα x) = v (since h is a homomorphism) 
<G*exeEh- ty (definition of h~*) 
<xzeEeaxh- ty (since G, * is a group) 


In the preceding reasoning we may interchange the réles of a and 
« and multiply on the right instead of multiplying on the left. 
We get 


ha = α - τεα κ᾿ verveh-Wvea 


<achvex<eaexreh Wy (2) 
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Let us recapitulate the different ways of saying that a and x have 
the same image. 


hax = ha 
<h he = h-*ha 
+xehothasxrearhwvoerweh wea 
+achothe-acrxehv<sach Wee 


We stress in particular that 
VaeG: (γε: xearkh vexvEeh tha~xrehvea) 


It follows that 


Kernel 


The set ἃ ἦν is called the kernel of the homomorphism ἢ. 
We see at once that this kernel is a subgroup of G, *. In fact, 


x, yeh vy <> he = hy = v 
therefore 
h(zw*y) = heathy =vev=v 
Q.E.D. 


We have just seen (3) that the subgroup 4~'v commutes with 
every element of G. 


Normal subgroup 


A subgroup 8 of G, * is normal if and only if it commutes with 
every element of G, i.e. if and only if 


VgeG: g*S=S#«g 


A subgroup is therefore normal if and only if the left coset of every 
element coincides with its right coset. 

Thus we can refer to the coset of an element for a normal subgroup 
without specifying whether it is a left coset or a right coset. 

Theorem — The kernel of the group homomorphism h : ἃ, αὶ > H, * 
as a normal subgrowp of G, and the quotient group G/h is the set of 
cosets of the kernel. 


G/h = {τ λα} α ε ΟἹ = {fae h-vyaeG} 
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The group G/h, *, a substructure of AG, * 

We know that the law of G/h, * has been defined unambiguously 
by 

h-t*ha * h~*hb = h~*h(a α δ) 

Taking into account the results obtained above, this law can be 

rewritten 
(ax ἢν ἦν) «(be hoy) = (a%b) κ ἃ ἦν 
or if we prefer 
({a} καὶ ἅν) αὶ ({b} π ἢ ᾽ν) = ({a} αὶ {b}) κ τ ἦν 

A priori, this last formula is dangerous and hybrid. Indeed, the 
second sign * is that of the law which has been defined in G/h (by the 
bifunction 7~*) while the other signs « denote the law induced in 
PYG by the law of the group G, +. 

In fact, if we interpret all the signs * as expressions of the law in 
PYG, +, the preceding formula remains valid. In effect, 


({a} « ἢ. ᾽ν) « ({b} * Δ. ᾽ν) 
= {a} « (h~1v « {b}) « ho ἦν 
= {a} « ({b} « hoy) « ἢ τὶν 
= ({a} « {b}) ε (ἢ ἦν « ἢ. 1») (associativity in AG, *) 
= ({a} « {b}) « ho ty (since ἢ. ἦν is a subgroup) 
Theorem — The quotient group G/h, * is a subgroup of the structure 
PG, *. 


(associativity in AG, *) 
(normality of ἃ ᾽ν) 


Exercises 

1. A subgroup S of G, « is normal if and only {ὦ ἡ 5. « ἃ C 8 for 
every xe G. 

2. All the subgroups of a commutative group are normal, 

3. Find the normal subgroups of the symmetric groups 2, /3, 
SF, 

4. If A is a normal subgroup and B a subgroup of the group G, +, 
the intersection A ἢ B is a normal subgroup of B. 

5. The intersection of every set of normal subgroups of G, *, is a 
normal subgroup of G,*. We may therefore speak of the normal 
subgroup generated by every subset P of the group. 


6. The neutral subgroup {v} and the improper subgroup G are 
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normal subgroups of G,*. A group #{v} which does not admit 
normal subgroups other than its trivial subgroups is said to be simple. 

7. If Ais a normal subgroup and B a subgroup of the group G, +, 
then A « B = B « A is a subgroup of G, «. 

8. Let A and B be subgroups of G, * with A C B. 

If A is a normal subgroup of G, *, it is a fortiori a normal subgroup 
of B. 

If A is a normal subgroup of B and B a normal subgroup of G, A 
is not necessarily a normal subgroup of G. 

Example: Let us consider /,, o, the symmetric group of degree 4. 


»"» | _ffl23a 234 1284 (1284 

ἘΒΟΘΌΠΕΝΟΝΒῪ Ὁ { 23 " [ 14 3) (; 41 xf [ 8.3 ἢ} 
ΡΒ ν᾿ ᾿ 
514 τ is in its turn a normal 
subgroup of the (commutative) group V, but it is not normal in 4. 


9. The element g of the group G, * defines the transformation of G 


is a normal subgroup of /,; sgp ( 


α--α : “στα 


This map is an automorphism of G,*. The automorphisms thus 
defined are called the inner automorphisms of G,+. A subgroup § 
is therefore normal if and only if it is stable for the inner auto- 
morphisms of G, *. : 

10. An element ὁ of a group G, * is said to be central if it com- 
mutes with every element of G, i.e. if we have 


YqgeG: Cceg=g*e 


The set of central elements of a group is called its centre. 

The centre of a group is a normal subgroup. 

Every subgroup included in the centre is called a central subgroup. 

Every central subgroup is normal 

The central elements of a group are the elements of this group 
which remain fixed under all the inner automorphisms. 

Central subgroups are therefore not only stable for the inner 
automorphisms but remain fixed for the inner automorphisms (i.e. 
each of their elements is left fixed by the inner automorphisms). 

11. The neutral element of the quotient group G/h, * is the kernel 
h-+y, By anew abuse of notation we shall sometimes denote it by v. 

The symmetric of the element 2 αὶ ἢ ἦν is the element ἢ * h~*v, 
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810. THE QUOTIENT OF A GROUP BY A NORMAL SUBGROUP 

We saw previously that the kernel h~1y of the group homo- 
morphism ὦ : G, *  H, « is a normal subgroup of G, *, and that 
knowledge of the kernel 4~1y alone gives us the entire structure of 
the quotient group G/h, *, since: 


Gh = {g*h-*vigeG} 
(a « ᾽ν) ε (yx ἅ ᾽ν = (we y) «hoy 


We are going to show that the kernels of homomorphisms are not 
particular normal subgroups but that every normal subgroup is the 
kernel of a homomorphism. 

Let 5 be a normal subgroup of the group G, «. In the same way as 
we can define G/h from ἡ ᾽ν, we shall define a group starting from S. 

We shall call such a group the quotient of G by S and we shall 
denote it by G/S. It is defined by 


G/S = {g*SigeG} 


It remains to define the law in G/S. Since every element of G/S 
is a subset of G, the set G/S is a subset of AG. We shall show that 
it is a stable subset of AG, +, thus immediately providing G/S with 
the law «. 

Let x πὶ 8 and y * αὶ be two elements of G/S which we shall rewrite 
{x} κ S and {y} τ Καὶ so as to have to consider only the law of AG, «. 
We must show that 


({a} * S) * ({y} #8) ε G/S 


This is done by repeating the argument already given at the end 
of the preceding paragraph in the case of h~1y. 


({v} κα 5) « ({y} κ 5) = {5} « (S *{y}) Ὁ 8 (associativity in AG, *) 


= {2} «({y}*S)«S (normality of 8) 
= ({x} « {y}) κ (S « 8) (associativity in AG, *) 
= ἀν y\ 5 8 (because S is a subgroup) 
EG 


Q.E.D. 


We must prove that the structure G/S, * we have just defined is 
a group. 


HOMOMORPHISMS AND QUOTIENT GROUPS 105 


The associativity of the law of G/8, αὶ derives from the associativity 
of the law of AG, x. 

The normal subgroup S is itself an element of G/S since ὃ. = v* Se 
G/S. 

We shall leave to the reader the task of verifying that S is the 
neutral element of G/S, « and that αὶ « S is a symmetric of x + 5, thus 


proving the required result. 
The projection f : G > G/S : ἃ > ὦ * 5 is a homomorphism since 
f(a*y) = (wxy)*S (definition of [) 
= (x « 5) κε (y*S) (the law in G/S, *) 
= f(x) « f(y) (definition of ἢ) 


The kernel of this hormophism is clearly 5. 

Theorem — If 8 is a normal subgroup of the group G, *, the set 
G/S = (50 83g 6} is a group for the law defined in PG by the law 
of α,κ. The map ἃ - 5 τὰ - σα ἡ Κὶ is an epimorphism whose 
kernel is the normal subgroup 8. 

Corollary. The quotient of a group G,* by a homomorphism 
coincides with the quotient of this group by the kernel of the homo- 
morphism. 

In symbols: G/k = G/h~*v. 


Exercises 

1. Let R be a relation defined in the set E and p a permutation 
of E. 

The relation p o Ro p~? is called the transform of R by p. 

We have 


poRop* = {(py, px)} (y, 2) ε B} 
Illustrate this concept by a diagram. 


2. Let A, B, C be straight lines of the plane II such that B is the 
bisector of one of the angles AC. If we denote the symmetries 
defined by these lines by a, ὃ, ὁ respectively, then 


boacb-i=c 


Knowing that a rotation is the product of two symmetries, what 
can you say about the transform of a rotation by a symmetry ? 
We call the subgroup of “II generated by the symmetries of 1] 


ἱ ———— ——a-——— 


-- ee “ς. a, a οὐὐὐὦὰ..ὸὖῸ.... “ἀν 
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the group of displacements and turnings or the group of isometries 
of the plane IT. 

The translations form a normal subgroup of the group of isometries. 
The quotient group is isomorphic to the group generated by the 
symmetries, all of which leave the same point fixed. 

3. Every homothety} and every translation of the plane is called 
a dilatation of the plane. The set of non-constant dilatations is a 
group for the product of composition. The set of translations is a 
normal subgroup of it, and the quotient group is isomorphic to the 
group of non-constant homotheties with fixed centre, and therefore 
also to Ro, "ὦ 


δ11, FIRST ISOMORPHISM THEOREM (EMMY NOETHER) 


Let B and S be normal subgroups of the group A, + such that 
SC BCA. It is evident that S is a normal subgroup of B. We 
shall show that B/S is a normal subgroup of A/S and that the 
quotient (A/S)/(B/S) is isomorphic to A/B, which we write 


Because of the homomorphism theorem, it is sufficient to exhibit 

an epimorphism 
A/S — A/B 
whose kernel is precisely B/S. 
Every element of A/S is of the form a*§ with ac A and this 
element defines without ambiguity 
(a@*S)*B=ax«(S«B) (associativity in PA, *) 
=a*«B (since § is a subgroup of B) 
It follows immediately that the map thus defined 
7: A/S—~A/B:a*S—+a*«B 
is an epimorphism. 

Since the neutral element of A/B is none other than B, the kernel 
of the epimorphism f is the set of a « S such thata αὶ B = B. There- 
fore 
f-'vy = {a*Sja*B = B} = {a*Sj}acB} = {ὃ « 8} ΕΒ) =B/S 


Q.E.D. 
{ Tr. Radial expansion or similarity. See Appendix. 
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Theorem — Let B and S be normal subgroups of the growp A, κα such 
thatS CBC A. The quotient B/S is then a normal subgroup of A/S, 
and we have 


by the canonical isomorphism (a * 8) αὶ B/S >a B. 


Exercises 

1. Verify Emmy Noether’s theorem in the case where 
A = Z, + 
B = 2Z, + 
S = 6Z, + 

2. Verify Emmy Noether’s theorem in the case where 
A = Zeo, + 
B= 415, + 
5 — Za; + 


3. Let A be the additive group of vectors starting from a fixed 
point 0 of ordinary space. 
Let B be the subgroup of A formed by the vectors of A having 
their end-points in a fixed plane « passing through 0. 
Let 8 be the subgroup of B formed by the vectors of B with their 
end-points on a fixed straight line d, such that d C « and 0ed. 
Determine: A/S, 
B/S, 
(A/S)/(B/S), 
AJB. 


§12. SECOND ISOMORPHISM THEOREM 

Let A be a subgroup and B a normal subgroup of the group G, x. 
The normality of B implies A « B = B x A and it is easy to see that 
A*B = B« Aisa subgroup of G,*. We therefore have 


BCA#B=BeAcCG 


and B is a normal subgroup of Ax B. (The reader should note that 
this result is in fact the only hypothesis required in the subsequent 
reasoning.) 
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We shall show that A ἢ B is a normal subgroup of A and that 


ΑΙ Ὁ Β) ~ (A«B)/B 


To establish this isomorphism, it is sufficient, on account of the 
homomorphism theorem, to exhibit an epimorphism f/f: A— 
(A « B)/B whose kernel is precisely ἃ ἢ B. 

Since A C A « B, the identical map is a homomorphism of A into 
Ax B. Composing this homomorphism with the canonical homo- 
morphism A « B-—>(A«B)/B we obtain a homomorphism A — 
(A « B)/B defined by 


A—A « B-—> (A « B)/B 
a—> a@ —-> a«xB 
Note that 
(A « B)/B = {(axb)* Bj} ae A, be B} 
= {a+ Bj ae A} 
This shows that the homomorphism 
f:A—>(Ax«B)/B:a->ae«B 


is an epimorphism. 
Since the neuter of (A « B)/B is none other than B, the kernel of 
the epimorphism f is the set of ae A such thata+ B= B. Thus 


Kernel f = {ac Aja+*B = B} 


= {ace Aj ae B} 
=ANB 


(since B is a subgroup) 


Q.E.D. 


Theorem — Let A be a subgroup and B a normal subgroup of the group 
G, «; the intersection AB is then a normal subgrowp of A while 
B is a normal subgroup of the group A+ B = Bx A. We have more- 
over A/(AMB) 5 (A*B)/B by the canonical isomorphism a* 
(AM Β) --- α κ Β. 


Exercises 
1. Consider the cyclic group of 24 elements generated by a: 


{0, a, 2a, od, . “ἢ 23a}, “Ἢ 
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Verify the second isomorphism by taking A = grp (3a), B = 
erp (4a). 
2. Do the same for ἃ = Zgo, + 
A= ἀ1., Ἔ 
B = Z,, + 
3. Let G be the additive group of vectors starting from a fixed 
point 0 of ordinary space ; 
let A be the subgroup of G whose elements are the vectors of G 
with their end-points in a fixed plane « containing 0; 
let B be the subgroup of G whose elements are the vectors of G 
with their end-points in a fixed plane f containing 0. 
Determine: A/(A © B) and (A + B)/B. 


Revision exercises on Chapter 7 
1. Let H be a subgroup of the group G,*. Let us define for the 
moment 
V2, yeG: x = y(modulo H) +#@*«yeH 
Prove: 
(1) this relation is an equivalence 
(2) x = y (mod H) <> 2 and y are in the same ... coset. 
(3) «= y(modH)=VgeG: σεῦ σ τῇ (mod A). 
(4) (« = y(mod H) + σε: w*g = y«g(mod H) 
<> (H is a normal subgroup of G). 
2. Modify propositions (2), (3), (4) by taking the definition 
Va,yeG: x = ἢ (modulo H) +2+7eH 
3. The map 
4, +- -» Οὐ». : ἃ --ῶν #7 
is a group homomorphism. 
4. The map 
R, + -» Ου». : ἃ --» εἷΣ 
is ἃ group homomorphism. What is its kernel ? 

5. For every integer z € Z, the map εὖ — e'® is an endomorphism 
of the group {exp i#}@eR},.. What is the kernel of this endo- 
morphism? What is the image? Determine the intersection of the 
kernel and the image. 
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6. Prove that Z, + is isomorphic to the multiplicative group 
{27} zeZ},.. 
7. (a) Prove that {2585 } a, ὃ ε Z},. is a subgroup of Qo, .. 
(b) This subgroup is isomorphic to the subgroup 


{a + bija,beZ}, + οὔ, +, 

(it is sufficient to prove that 

{a + δὲ ὃ α, ὃ ε 2), + — {2933 a,beEZ} .: a + δὲ --» 223° 
is an isomorphism). 


8. The groups C, + and isa δα, be Rt, + are isomorphic 

groups. 
| ab ab 00 

9. The groups Cy,. and ee ta,beR, Be x [ ae 
are isomorphic groups. 

10, The group of transformations R->R:x—>ax + ὃ, with 
a # 0 is isomorphic to the group Ry x R, *, where * is defined by 

V(a, ὃ), (c, d)Ee Ry x R: (a, δ) « (c,d) = (ac, be + d@) 
11, Let 


M -{( {a,b,deR and αὐ τὰ 0} 


(a) M,. is a group. 
(Ὁ) M,.—> Ro, .: (; r — ὦ is a group homomorphism. 


12. Let R@R,+ be a groupt (where: (a,b) + (c,d) = 
(a - ο, ὃ -- ἀ)). Prove that the map 


R@R, +—>R, +: (%,y)>z 
is ἃ homomorphism. What is the kernel? What is the image? 

13. What is the subgroup generated by a non-identical translation 
in the group of translations of space?’ To what standard group is 
this group isomorphic ? 

z 


14. The map Z->R/Ziz—>7 


is a homomorphism. It is neither 


ΤΥ, R @® R={(a, δ) } a,b eR} See Revision exercises on Chs. 1 & 2, 
Ex. 28. 


Ta 
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a monomorphism, nor an epimorphism. The map z + is an 
epimorphism of Z, + onto Z,, +. 
15. Let i: ἃ, αὶ ~ H, « be a group isomorphism. Prove that the 
order of every element of G is equal to the order of its image. 
16. (a) The set of integers {1, 2, 3, 4} forms a group of order 4 for 
multiplication modulo 5, defined by 
Va, be {l, 2, 3, 4}: ὦ ᾧ = r,(a.b) 


where r, denotes “‘the remainder after division by 5 of”’. 

The set of integers {1, 3,5, 7} forms a group of order 4 for 
multiplication modulo 8. 

These two groups of order 4 are not isomorphic as is shown by 


their multiplication tables. 
-mod8/1 3 5 7 
111 ὃ & T 
rie 1 7 8 
δι᾽δ 7 2 S 
Lt 381 


In the second group every element is of order 2; on the other 
hand, in the first we have 2.2 = 4 -,:,[] and 3.38 -ἕ 4 - 1. 
These two groups are therefore not isomorphic (see Exercise 15). 
(b) The set of integers {1, 3, 7, 9} provided with the product 
modulo 10 is a group of order 4. To which of the two groups 
of (a) is it isomorphic? 
The same problem for the group of order 4 formed by the set 
of integers {1, 5, 7, 11} provided with the product modulo 12. 
(c) Indicate the groups isomorphic to Z,, + among the groups 
considered in (a) and (b). Do the same for Klein’s four-group. 
17, Is the multiplicative group {1, 5, 8, 12}, . mod 13 isomorphic 
to the multiplicative group {1, 5, 7, 11},. mod 12? 
18. Prove that—up to isomorphism—there are only two groups of 
order 4: the cyclic group with 4 elements and Klein’s four-group. 
19. Show that the group of 8 elements defined in exercise 45 of 
Chapter 2 is not isomorphic to the quaternion group. 
20. The set of integers {1, 2, 4, 7, 8, 11, 18, 14} forms a group of 
order 8 for multiplication modulo 15. Is this group isomorphic to 
9 
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the quaternion group or to the group Z, (Ὁ Zs, + ? (it is sufficient to 
write down three Cayley tables). 
21. The following groups are all isomorphic to Klein’s four-group. 
(a) the group P{a, b}, A; 
(Ὁ) the subgroup of /,, o generated by the subset 


[128 4 1.2 8 4 
214 3)’ 18 41 32}! 
(c) the direct sum Z. (ἢ Ζ., + where the law is defined, we 
recall, by 


V(a, δ), (c,d) Ε ὦ, @ Za: (a,b) + (c,d) = (a +¢,6 + d). 
(d) the group of permutations ἢ, fo, fs, fs of Ro 

fi: Ro > Ry: >, 

fo: Ro > Ro : ὦ > 1/a, 


fa: Ro > Ro : α --Κ —2, 
Ja: Ro Ro : ἃ —> life. 


(e) the group of permutations which conserve the cross-ratio of 
four points (explanation: let @,, 0, a3, a@, be four points in a 
straight line; we say that the permutation ¢ of {1, 2, 3, 4} con- 
serves the cross-ratio (@,, @2, 43,44) When (@,; gq Gog Ag4) = 
(41 Gq Mg M4). 

(f) the set formed by the identical permutation and the sym- 
metries of space with respect to the edges of a trihedral tri- 
rectangle (provided with the law °). 

(g) the multiplicative group formed by the matrices 


(0) (ὁ. .} (ro) (-1 


(h) the subgroup of #,, ° which conserves the relation defined 


by the diagram 


(explanation: py Ε #, conserves the relation R when aR 6b <> 
pa R pb). 
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22. The following groups are isomorphic to the cyclic group of 
order 6. 
(a) the subgroup of ;, ο generated by the element 


1234 
214 65 3)’ 


(b) the subgroup of “ζῇ, o generated by the element 
(; 23456 
23456 ,} 
(c) the direct sum ζ5 (ἢ Zs, + 
(d) the multiplicative group of 6th roots of unity. 
(6) the multiplicative group of 6 matrices 
{ ( cos (7/3) sin 7 ( cos (2π|3) sin nad 
—sin (7/3) cos (7/3))’ \—sin (27/3) cos (27/3))’ 
( cos7 sin ie ( cos (47/3) sin a 
—sinaw cosz/’ \—sin (47/3) cos (47/3)/’ 
( cos (57/3) sin oO ( a 
—sin (57/3) cos (57/8)/’ \O 1 
(ἢ the subgroup of “,, o which conserves the relation 


(g) the group of integers {1, 2, 3, 4, 5, 6},. mod 7; 
(h) the group of integers {1, 2, 4, 5, 7, 8},. mod 9. 


23. The following groups are isomorphic to the symmetric group 
S's, Ό, 
(a) the subgroup of #3, ο generated by the subset 


(13) δ ὁ ἢ} 
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(b) the subgroup of the symmetric group of {1, 2, 3, 4} which 
leaves the element 1 fixed. 
(c) the group of 6 functions R\{0, 1} + R\{0, 1) 
fi : BN {0, 1} > BA{O, I} τὰ τὸ 2, 
fe : BN{0, 1} > R\{0, 1} : αὶ > 1/2, 
fe : BN{0, 1} > B\{0, 1}: 2 1 -- ὦ, 
fa : BN{0, 1} > RA {0, 1}: > 1 -- Is, 
fs : RN{0, 1} > RA {0, 1}: > 1/(1 — 2), 
fe : RN{0, 1} > RA {0, 1}: ὦ τὸ —2/(1 — 2). 
(d) the multiplicative group of six matrices 


[(. ἡ, (a): (ὦ Go) (eo): (ep 


where « is a non-real cubic root of 1; 
(e) the subgroup of #, conserving the relation 


24. Denote by C[X], + the additive group of polynomials in the 
letter X with complex coefficients. The transformation 


a: C[X] -: ([ΧῚ] . > a,x! .-ἡ. > ta,X'-1 
ἐπὶ ἢ i=] 


is an endomorphism of C[X], +. 
Determine: d~10, dC[X], ὦ τ 10 ἡ dC[X]. 
25. The reader is asked to give many examples of endomorphisms 
of groups and to determine in each case the kernel, the image and the 
intersection of the kernel and the image. 


26. Let G, + bea commutative group. For every ze Z, the map 
G —>G :g— 2 is an endomorphism of G (see Chapter 3). 
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27. For every z,¢€Z, the map Z—> Ζ: 2 -- 2)2 is an endomor- 
phism of the infinite cyclic group Z, +. Prove that every endo- 
morphism of Z, + is of this form. 


28. For every q; Ε Ὁ, the map Ὁ > Q : ¢ > ¢,qis an endomorphism 
of Q, +. Prove that every endomorphism of Q, + is of this form. 

29. For every non-null rational q,, the map Q—> Q : ¢—> qq is an 
automorphism of Q, +. Prove that every automorphism of Q, + is 
of this form. 


30. Let G,. be a commutative (multiplicative) group. For every 

zéZ, the map 
G-G:g-g¢ 

is an endomorphism of G (see Chapter 3). 

31. Find a homomorphism of the multiplicative group of invertible 
n Χ n matrices with real elements onto Rp, .. 

32. Let G, « be a group; let a be a fixed element of G. The map 

a:G—>GQ:g-arzgeGi=a.g 

is an automorphism of the group G (which we call the inner auto- 
morphism of G defined by @). 

33. Prove that the set of inner automorphisms of a group G, * 
forms a subgroup of the group of automorphisms of G. 

34. Every automorphism of a group G, * transforms every sub- 
group of G into an isomorphic subgroup. 

35. The group of inner automorphisms of a commutative group 
reduces to the identical automorphism. 

36. The inner automorphism of G, ε defined by the element a ε G 

a:G->G:g-axeg*a 

is the identical automorphism of G if and only if a is an element of 
the centre of G. 

37. The group of automorphisms of a finite group is finite. 

38. Let G, * be a group. Prove that the map G>G:a2—Z is 
an automorphism of G if and only if G is a commutative group. 

39. (a) The map 

R~>R:2->-2z 


is an automorphism of the group R, +. 
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(b) The map 


Ryo > Ro : 5 —> πὰ 
is not an endomorphism of the group Ro, .. 
40. (a) The map 
C+—C:a+ bia — bi 
is an automorphism of the group C, +. 
(b) The map 
Cy > Cy: a + bia — δὶ 
is an automorphism (not inner) of the group Cp, .. 

41. Let V be the additive group of vectors with origin 0 of ordinary 
space. Let II be a plane containing 0. Prove that symmetry 
with respect to II is an automorphism of V, +. 

42. Let G, * be a group. 

(a) The image by every endomorphism of G of a generating sub- 
set of G is a generating subset of the image of G. 

(b) The image by every automorphism of G of a generating 
subset of G is a generating subset of G. 

43. Look for the group of automorphisms of the infinite cyclic 
group Z, + (see preceding exercise). Construct the Cayley table 
of this group of automorphisms. 

44, Find the groups of automorphisms of the following finite cyclic 
groups (see Ex. 42). 

(a) Zo, a 

(b) Zs, 
(c) Zs, 
(d) Zs; 
(e) Ze; 
(f) Zn 
(g) Ze 
(h) Zo; ἘΣ 

(1) Ζ.., + 

(j) Zy2; + 

(k) Z,, + with p prime. 

In each case construct a Cayley table. Are there any different 
cyclic groups having isomorphic groups of automorphisms ? 

45, (a) Find the group of automorphisms of Klein’s four-group. 

(b) Do the same for 3, the symmetric group of degree 3. 


++++4++ 
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46. By studying the preceding exercises, can you reply to the 
following three questions: 

(a) Can two non-isomorphic groups have isomorphic groups of 
automorphisms ? 

(b) Can the group of automorphisms of a commutative group be 
non-commutative ? 

(c) Can the group of automorphisms of an infinite group be 
finite ? 

47, The automorphism of Klein’s four-group defined by α -- ὃ, 
b-—>a (where {a, 6} is a generating subset of V) is an outer auto- 
morphism.} 

48. Is the automorphism of the quaternion group defined by 
i—> 9,7 —> ἡ inner? 

49. Consider the additive cyclic group of order ἢ generated by a. 
Prove that the endomorphism of grp (a) defined by grp (a) — στρ (a) : 
a—ma(0<m < n) is an automorphism if and only ifm A ἢ = 1. 

50. Prove that all the automorphisms of .; are inner automor- 
phisms. 

51, Prove that the group of inner automorphisms of a group G, * 
is a normal subgroup of the group of all the automorphisms of G, x. 

52. Is the set of transformations R> αὶ : 2-2 + δ᾽ with be R 
a normal subgroup of the group of transformations 

R—~R:x«—-ax +b, with 0 4 a,beR? 

53. The map of the group of transformations R -- R : ὦ -- αὐ + ὃ 

(with 0 4 a,b ε R) onto Ro, . which sends the map « — ax + b onto 


the non-null real number a is a group homomorphism. Determine 
its kernel. 


54, Every subgroup of index 2 is normal. 

δῦ. Is the subgroup { 5 i}. (; 5 3) of £, normal? 
1.2 8 2918 

56. Is the subgroup 


V Ὲ 1234 1234 1234 1234 
[ME 23.47? \2 1 4 83) 1841 2) 4321 


(isomorphic to Klein’s four-group) of “, normal? 


¢ Tr. Any automorphism which is not an inner automorphism is called an 
outer automorphism. 
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57. Prove that all the subgroups of the quaternion group are 
normal subgroups (we express this fact by saying that the quaternion 
group is hamiltonian). 

58. Denote by GL,(R) the set of n x πὶ real invertible matrices. 
Prove 

(a) GL,(R) is a group for the matrix product. 
(b) The matrices of determinant 1 form a normal subgroup of 
GL,,(R). 

59. Let G,* bea group. Prove that if P ¢ AG and N is a normal 
subgroup of G, then P « N = N « P. 

60. Let M, C be the ordered set of normal subgroups of a group 
G, *. 

(1) M, C, A, * is a lattice. 
(2) this lattice is modular. 

Résumé: The lattice of normal subgroups of every group is 
modular. 

61. Let h: G,*x— H,* be a group homomorphism. If § is a 
normal subgroup of G, *, the image AS of S by ἢ is a normal subgroup 
of hG, *. 

62. Let ἃ : G, * > H, * be a group homomorphism. The inverse 
image h~*S of every normal subgroup § is a normal subgroup of G. 

63. Let G,* and H,* be two isomorphic groups. Prove that 
there exists a bifunction of the set of isomorphisms G — H onto the 
set of automorphisms of G. 

64. A subgroup H of the group G, * is normal if and only if it is 
stable for all the inner automorphisms of G (i.e. if and only if for 
every inner automorphism a. of G we have a.H C H). 

65. Every subgroup of G, κα which is stable for all the automor- 
phisms of G is called a characteristic subgroup of G, «. 

Every characteristic subgroup of a group is normal. 

66. Every subgroup of G,* which is stable for all the endo- 
morphisms of G is called an endostable subgroup of G, «. 

Every endostable subgroup of a group is characteristic (and there- 
fore normal). 

67. Let A and B be subgroups of G, « such that A C B. 

We know that if A is a normal subgroup of B and B a normal 


{ Tr. ic. A C C always implies AU (BOC)=(A UB) NC. 
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subgroup of G, the subgroup A is not always a normal subgroup of 
G (see Example, §9, Ex. 8). 

Prove that if A is a characteristic (endostable resp.) subgroup of B 
and B a characteristic (endostable resp.) subgroup of G, then A is a 
characteristic (endostable resp.) subgroup of G. 


68. The intersection of every family of characteristic subgroups of 
a group is characteristic. 


69. The intersection of every family of endostable subgroups of a 
group is endostable. 


70. The subgroup of a group generated by the union of a family 
of characteristic subgroups is characteristic. 


71. The subgroup of a group G generated by the union of a family 
of endostable subgroups of G is an endostable subgroup of G. 


72. Every group not identically null contains two endostable sub- 
groups. 

73. Every subgroup of a cyclic group is endostable. 

14. Let G, κε be a group; let z»¢ Z. Prove that 


sgp {29 | gi σε 6) 


is an endostable subgroup of G, «. 


75. Let G,* be a group. Prove that the set of elements of finite 
order of G is an endostable subgroup of G called the periodic sub- 
group of G. 


76. Prove that the centre of a group is a characteristic subgroup. 


77. Give a counter-example to show that the centre of a group is 
not always an endostable subgroup. 


18. Every quotient of a cyclic group is cyclic. 

79. The quotient of the cyclic group Z,, + by its subgroup of 
order 2 is isomorphic to Zz (note: Z,4/Z_ =~ Zs). 

80. The quotient of Klein’s four-group by any one of the three 
subgroups of order 2 is isomorphic to Z, (note: V/Z. ~ Zo). 

81. The quotient of the cyclic group Ζ,, + by its subgroup of 
order 3 is isomorphic to Z, (note: Z,/Z,; ~ Zs). 


=a 


120 GROUPS 
82. (a) Prove that the set of permutations 


“.ἷ. . (2 88 Ass 
tne { 2 ἢ (; 3 Hi (; I >) 
is an invariant} subgroup of Fz. 
(b) εἰς Ξ...} 
83. (a) Find Za, the centre of the quaternion group 2. 
(b) B/Zo z...? | 
84. Construct the quotient of the multiplicative group {27345? } 
%,y,z€Z},. by the subgroup {2*} z ε Z}. 
85. Construct the quotient of the group GL,(R) by the normal 
subgroup of n x πὶ matrices of determinant 1 (see Ex. 58), 
86. Prove that the quotient of Y, by the invariant} subgroup 


ἡ ἐς aoe [234 N28 A 12282 
ἀρ Weaish asd 
is isomorphic to £3. 


87. (a) Prove that the quotient of every group G by its centre Za 
is isomorphic to the group of inner automorphisms of G (it is 
sufficient to prove that the map h of G into the group of inner 
automorphisms of G which makes the inner automorphism 
a. correspond to every ac G is an epimorphism and that the 
kernel of h is equal to Za). 

(b) All the automorphisms of “3 are inner. 

88. A group is cyclic if and only if it is isomorphic to a quotient 

of the infinite cyclic group Z, +. 


89. Determine all the quotients of the cyclic group of order 24. 


90. Finda homomorphism /,—»- £3. Determine the normal sub- 
group N of “5, such that Y,/N ~ F3. 
91. Describe 
Co/Ro, 7 
Ro/ Qo, . 
Co/ Qo, . 
92. The derived group of a group. 
Let G, * be a group. 
(a) For every (x, y)¢G x G the element @*7*axy of G is 


Τ Tr. A normal subgroup is sometimes called an invariant subgroup. 
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called the commutator of x and y, and we denote it by [z, 2]. 
Show that Va,yeG x G we have 


αν = yx [x,y], 
(x, y] * ly, x] Ξε ν, 
[x,y] = Ly, 2] 
[v, 9] = y*ly, e] * 9 
[z,y] = ely, ce] Ἐὰ 
ThelawG x G—G: (a, y) -- [a, y]is notin general associative. 
(b) In general the set of commutators of G, * is not a subgroup 
of G. 
(c) The subgroup of G generated by the set of commutators of 
G is called the derived group (or commutator group) of G and 
we denote it by G’. The subgroup G’ is endostable (prove that 
the image of every commutator of G by every endomorphism of 
G is a commutator of G). 
(d) The derived group of a commutative group is.... 
(6) The derived group of a non-commutative simple group is.... 
(f) Leth: G, « +H, * bea group homomorphism. Prove that 
hG, * is a commutative subgroup of H if and only if h~*v D G’. 
(g) The quotient group G/K of a group G is commutative if and 
only if K > G’ (an immediate consequence of (f)). 
93. What is the derived group of Klein’s four-group ? 
94. Look for the derived group of the symmetric group 73. Find 
also (F2)' = δ, (92) = ὅς, (5) = σζ. 

95. The same problem for the group /,, ο. 

96. Let 2,. be the quaternion group. Find 2’, 2”, 2”, 2”. 

97. Let H be a subgroup of the group G, *. Prove that H’ C G@’. 


98. Prove that G’, G”, G’”,... are endostable subgroups of G (see 
Ex. 67 and 92, (c)). 


99. Every subgroup H of the group G, * containing G’ is normal. 

100. Every homomorphism h of a group G into a commutative 
group H is the composite of an epimorphism G-—>G/G’, and a 
homomorphism G/G’ — H (apply the first isomorphism theorem). 

101. For every group G, * we have G’ = {vy} + G = Ze. 

102. Give an example of a group G whose centre reduces to the 
neutral element and such that G’ τὶ G. 


———E——_ “ — 
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103. Give an example of a group G such that G = G’ and such 
that the centre of G does not reduce to the neutral element. 

104, Compare the centre of the quaternion group with the derived 
group of the quaternion group. 

105. Use exercises 1 to 104 to make numerous applications of the 
isomorphism theorems. 

106. Let G, + be a commutative group. Denote by Endo (G, +) 
the set of endomorphisms of G, +. Endo G may be provided with 
two laws: 

(1) a law +: for every pair (f,g) of endomorphisms of G we 
define f + g as being the transformation 
f+g:G+G:a—>f(z) + g(x) of G 
(2) the product of composition, defined, let us recall, by 
Vf, g € Endo G, Vz eG: (fo g)(z) = f(g(z)) 

Prove that Endo (G, +), +,°is aring. Hence: the set of endo- 
morphisms of a commutative group is a ring. 

107. Write down the addition and multiplication tables of the ring 
of endomorphisms of the four-group. 

108. The ring of endomorphisms of the group Z, + is isomorphic 
to the ring Z, 4-,.; that is to say, there exists a bifunction 


J: Endo (Z, +) — Z, 
such that 


Vhy,fgeKndoZ: = f(hy + he) = f(hy) + f(he) 
and = f(hy ο hg) = f (hy). f (ha) 

109. Exact sequences of groups. 

Algebraic topology makes intensive use of certain algebraic ideas 
and of the subtle mechanics of cleverly arranged homomorphisms. 
To this effect, the topologists have introduced a new technique, that 
of exact sequences. 

A sequence of groups and homomorphisms of groups 

ee. C3 eG τς (1) 
is said to be exact at G, when 


hy-yGy_-1 = hy *y 
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The sequence (1) is said to be exact when it is exact at each of its 

groups (with the exception of the first and the last). Sequence (1) 

is therefore exact when for every i the image of the (i — 1)th 
homomorphism is equal to the kernel of the th. 


Examples 
(1) If  : 2Z > Z is the canonical monomorphism of 2Z into Z and 
if j is the canonical epimorphism Z — Zz, the sequence 


{0} —> 27 —> 2 -2.» Z, —> (0) 
is exact. | 
(2) More generally, let H be a normal subgroup of the group G, + 
and denote by i the canonical monomorphism H --» G and by 7 the 
canonical epimorphism G —> G/H. 
The homomorphism theorem tells us that the sequence 


μὴ —> Η -»6 > G/H — fv} 
is exact. 

(3) Let us regard every point x of ordinary space Εἰ as the vector 
with fixed origin 0 and end-point x. The space E then appears as 
an additive group. Let D and P be a straight line and a plane such 
that PA D = {0}. i 

According to our conventions P and D are then subgroups of E. 

Denote by p the projection of E on D parallel to Ρ and by ὦ the 
projection of E on P parallel to Ὁ. The transformations p and ὦ of 
ἘΣ are endomorphisms of E and the sequence 


.. SESE E> EE... 

is exact. 

110. Let ἃ : A, *  B, * be a group homomorphism. 

The sequence ἐνὶ -Ὁ A _". B is exact if and only if ὦ is a mono- 
morphism. 

The sequence A Bedi: «Pe {vy} is exact if and only if ἢ is an epimor- 
phism. 

The sequence {v}—> A nae ee {v} is exact if and only if ἃ is an 
isomorphism. 

111. The sequence of groups and homomorphisms 


μι) ---» A> B—> C-—> {} 
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is exact if and only if the following three conditions are simultaneously 
satisfied 

(1) f is a monomorphism, 

(2) g is an epimorphism, 

(3) fA = g~*(v). 

If the given sequence is exact the group A is isomorphic to a 

normal subgroup of B and the group C is isomorphic to the quotient 
of B by a normal subgroup isomorphic to A. 
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Permutations 


δ], DEFINITION (revision) 

Let us remind ourselves that we call every relation f defined in a 
set E such that every element of E is the origin of one and only one 
pair of f and the end-point of one and only one pair of f a permutation 
of EK. 


1. Every translation of the plane I is a permutation of II. 

2. The symmetry of the plane I with respect to a straight line A 
is a permutation of the plane II. 

3. Every non-constant homothety7 of the plane II is a permuta- 
tion of IT. 

4, Every rotation of the plane Π is a permutation of IT. 

5. The identical map of a set Εἰ is a permutation of Εἰ, 

6. The relation f defined in the set E is a permutation of Εἰ if and 
only if this is also so of its inverse f~?. 

7. If f and g are permutations of the set E so is the composite g ° /. 

8. If f is a permutation of E we have ὑπο} = fof? = the 
identical transformation of Εἰ, 

9. The set SE of permutations of the set E is a group for the 
product of composition. This group is called the symmetric group 
of E. 

10. The function f : {a, δ} —> {a, b} with a # ὃ defined by f(a) = ὃ 
and f(b) = a is called a transposition of the pair {a, b}, and we write 
it (a, δ). 

The Tam should establish that (a, 6) is a permutation of the set 
a, ὃ}. 
11, Let us remember that we call the set of origins of pairs of a 


{ Tr. See Appendix. 
125 
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13. If f and g are permutations such that g C f, ie. domg C 
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relation R the domain of R. We call the set of end-points of pairs 
of RK the image of the relation R. The domain and the image of a dom /, and the set of pairs of g C the set of pairs of f, we say that g is 
relation R will be denoted by dom R and img R respectively. a sub-permutation of ἢ. 
If f is a permutation of the set E, we have dom f = img f = E. . Ὡς 
IfS Cc R, we have dom αὶ C dom R and img§ C img R. | ce topiaes ee συνε λθον : 
The above diagrams represent permutations. 
| The same is true of the diagrams below. 


| 
Ι 
Ι 


ῳ 


graph | 


graph 2 


eraph 5 | 
12. If E 9 {a, b} with @ ¥ ὁ we also denote by (a, 8) the permuta- 4 
graph 6 


tion of E defined by 
a—b The permutation defined by diagram 6 contains proper sub- 
E—E permutations while the permutations defined by diagrams 1 to 5 do 


graph 3 


b—a 
a - ἃ for every x € E\ {a, δ) not contain proper sub-permutations. 
10 
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Definition. A permutation is minimal if and only if it does not 
contain a non-empty proper sub-permutation. 


Exercises 

1, The permutations defined by diagrams 1 to 5 are minimal; the 
permutation defined by diagram 6 is not minimal. 

2. Determine the minimal permutations amongst the permuta- 
tions described in the preceding paragraph. 

3. Let f be a permutation of the set Εἰ and ae E. 


Viy,%E4: f*%(f*2(a)) = f* **a(a) 


We denote by m(a) the subset of f defined by the formula m(a) = 
{(f7(a); f?**(a)) } 2 © ZF 
Establish that 
Vbedom m(a): m(b) = m(a) 


§3. PARTITION OF A PERMUTATION INTO MINIMAL PERMUTATIONS 

The permutation defined by diagram 6 admits a partition into 
minimal permutations. The same is true of every permutation. 

Theorem — Every permutation f of a non-empty set E is the union of 
minimal permutations whose domains constitule a partition of the 
domain of f. 

Let ae E. 

We shall show that amongst all the sub-permutations of f whose 
domain contains a there exists one which is smaller than all the others. 
We shall denote it by m(a). More precisely, we shall show that 


m(a) = {f*(a), f***(a)} ze 2) (1) 
whence we get 
dom m(a) = img m(a) = {f*(a)} ze 2) (2) 
Since f is a permutation of E, we know that a is the origin of one 
and only one pair of f and the end-point of one and only one pair of f. 
In fact, a is the origin of the pair (a, [(α}} and the end-point of the 
pair (f~*(a), @). 
‘Tr. fla)=fofeo...of, (a), 
ceeds ; 
2 terms 
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Starting from the point a, we therefore consider the elements 


f(a) and f(a). Three cases may arise: 


(Q) 1) =f-(a) =a 
(2) f(a) -- 7. 1(α) Καὶ α 
(3) a # f(a) # f-Ma) 4a 


These three possibilities are illustrated graphically below. 


eo 


f@)=a=f(a) 


Case 2 : f(a) =$-1(@) 


J (a) 


Case 3 a 


Γι). 


In cases 1 and 2 we have found the required permutation m(a). 

In case 1, we have m(a) = {(a, a)}. 

In case 2, the permutation m(a) is the transposition of the pair 
{a, f(a)}. 

In the graphical representation of case 3 we have started the arrow 
(of f) which sets off from f(a) and that which finishes off at f~+(a). 
Nothing has been assumed about the end-point of the arrow starting 
from f(a) nor about the origin f~?(a) of the arrow with end-point 
f(a). 
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Three new possible cases arise: 


(3.1) f?(a@) = f-*(a@) and f-%(a) = f(a). 
(3.2) f?(a) = f~*(a) A f*(a) with [2] < 2. 
(3.3) f7(a) A f-7(a) and f(a) 4 f(a) A f-*(a) with [2] <2. 


These are represented graphically by 


f(a) 
Case 3.1 Ω 
J-@ 
f(a) 
Case 3.2 a (ὦ =f" @ 
J(@) 
f(a) 


f*(a) 


Case 3.3 a 


“Ψ ὦ 


I*@) 


In cases 3.1 and 3.2 the problem is solved and m(a) is then a 
permutation of a set of 3 or 4 elements respectively. In case 3.3 a 
new trichotomy arises. The steps in the continuation of our 
reasoning are illustrated schematically on the next page. 
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Ce 
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Whatever the permutation f defined on a set E and whatever the 
point a Ε Εἰ, the situation is characterized either by a finite sequence 
(possibly null) of figures 3 followed by a figure 1 or 2, or by a non- 
terminating sequence of figures 3. 

In this last case, the map 


Z—>E:2—>f*(a) 


is injective and {(f*(a), f**+(a))}zeZ} is a denumerable permuta- 
tion. 

It is easy to see that in all cases the permutation m(a) is given by 
formula (1), 

But we know that it follows that 


bedom m(a) = m(b) = m(a) 


Thus the permutation m(a) is not only the smallest sub-permuta- 
tion of f “‘passing”’ through a but also the smallest sub-permutation 
of f (and therefore of m(a)) ‘‘ passing’’ through every element ὃ of the 
domain of m(a). This proves that m(a) is indeed a minimal per- 
mutation. 

We have therefore established that every x ε Εἰ = dom f defines a 
minimal permutation m(x) whose domain dom m(zx) contains «x. 

Let z,yeE. If dom m(x) \ dom m(y) # @ there exists z such 
that 


z € dom m(x) (3) 
and z€dom m(y) (4) 


But we have shown that formula (3) implies m(x) = m(z) and 
similarly (4) implies m(y) = m/(z). 

We therefore have m(x) = m(y) and dom m(x) = dom m(y). 

Thus {dom m(z) } « Ε E} is a partition of E 


and {m(x) } « Ε ἘΠῚ is a partition of ἢ. 
Q.E.D. 


We have shown during the argument that the only possible 
minimal permutations are the types represented in the following 
figure : 
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1.3.3.3.ὠρνυϑ 3, βφόύζωνι 


1. Every minimal permutation is finite or denumerable. 

Every minimal permutation is equipotent} to its domain (which 
coincides with its image). 

Every minimal permutation is an element of the symmetric group 
ofits domain. The idea of order of a minimal permutation is there- 
fore clear. The order of a minimal permutation is equal to its 
cardinal. 

2, Every non-null translation of the plane admits a partition into 
infinite minimal permutations. 

3. The symmetry of the plane II with respect to the straight line 
A admits a partition into minimal permutations of order 2 (or trans- 
positions) and of order 1. 

4. Let f be a rotation of the plane II with centre 0 and angle p/q 
(in grades) where p and g denote mutually prime integers. This 


7 Tr. See Appendix. 
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permutation admits a partition into minimal permutations which are 
all of order g with a single exception which is of order 1. 

5. In the rotation with centre c and of 2 grades, the minimal 
permutations are all infinite with a single exception which is of 
order 1. 


6. Let us consider in the plane II the non-constant homotheties 
with centre c. 


es the homothety of ratio 1 all the minimal permutations are of 
order 1, 

In the homothety of ratio —1 all the minimal permutations are of 
order 2 with a single exception whose order is 1. 

In a homothety whose ratio is different from 1 and from —1 all 
the minimal permutations are infinite with a single exception which 
is of order 1. 


§4. FINITE PERMUTATIONS AND CYCLES 


If f is a finite permutation comprising » elements it is often con- 
venient to denote its domain by 


dom f = imgf = N = {1, 2,..., n} 
This implies 
f = {(1, f(1)), (2, f(2)), «. -, (a f(n))} 
which is also written 


χω ( 1 a Hate ”) 
FQ) 12) ... f(m) 
In this notation it is unnecessary to give precedence to any par- 
ticular order for the first line. Thus we can also write 


1234. (25134 51324 
Ging“ ΣΡ ere 
If p is a permutation of {1, 2,...,”}, the permutation f may be 
written 
vo ( Be λει A Se ( Pi), (2), ..., 5) 
f(1), (2), - - -» f(m) f(p(1)), F(p(2)), - .-» f(p(m)) 
Knowing that all the permutations considered involve the set 
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{1, 2,...,} we allow ourselves to simplify the notation by ampu- 


Σ᾿ voce B ; ; ‘ 
i Peet entical pairs. 
tating ( f(1),f(2), ..., Poh of identical pairs 


Thus we put 
(l2345)_ cbse 
ieee 1618 4 


Strict application of this convention would lead us to represent the 
identical permutation of the set {1, 2, 3, 4, 5} by “an empty bracket”. 


1234 ἢ ἡ ( ) 
12345) — 
We prefer to denote this permutation by I. 
If (; ity 3) denotes a permutation of the set {1, 2, 3, 4, 5, 6, 7}, 


156743 
we have 
31574 | , | 
- | δ, 7), (1, 5), (3,1), (2, 2), (6, 6)}. 
(Ὁ Ὁ Ὁ) = 9 (4), 60, (5) 8.1), (8, 3), (6,8) 
Thus (; ν᾿ : ‘ 3) is not a minimal permutation of the set 


{1,2,..., 7}. It is the union of a minimal permutation of the set 
{1, 3, 4, 5, 7} and of the identical permutation of the complementary 
set {2, 6}. te 
We shall define a cycle of the set E to be the union of a minimal 
permutation of a subset P of E and the identical permutation of 
ENP. 
The rather subtle difference between the concepts of minimal 
permutation and cycle is illustrated by the following diagram. 


Minimal permutation of {1, 3, 4, 5, 7} 
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Cycle of {1, 2, 3, 4, 5, 6, 7} 


Every cycle of N (distinct from the identical permutation) contains 
one and only one minimal permutation (distinct from the identical 
permutation) of a subset P of N. 

Conversely, every minimal permutation of a subset P of N defines 
a cycle of N. 

In order to simplify the notation we shall put 


| 3157 
(3, 1, 6, 7, 4) = sama: 


. 2848 6 
~\82138764 
᾿Ξ: {(7, 4), (5, 7), (1, 5), (3, 1), (4, 3), (2, 2), (6, 6)} 
This notation, which is in current use, is very convenient but 
incomplete since it does not indicate which set is permuted, 
Exercises 
1, If fis a permutation of {1, 2,...,} we have 
μὰς (F042) ᾿ fe) 


ie Ba vey ἡ 
9 128 4 δλ Ὁ | $5124) (5.8 δ 
“MBSIS4 884 Β΄ 22162 
3. The permutation of Z defined by 


22 — 2z +2 
aa aces 


is a cycle of Z. Draw its diagram. 
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$5. DECOMPOSITION OF A PERMUTATION OF A FINITE SET INTO CYCLES 

We shall apply the theorem of partition of a permutation into 
minimal permutations to the case of finite sets. Such a permutation, 
comprising only a finite number of pairs, cannot admit infinite cycles. 
Also the diagram of a permutation of finite order must have the 
following appearance. 


The minimal permutations of the permutation 


123456 
fodiatsres 


are 
hm = {(3, 1), (4, 3); (1, 4)} 
Ms = {(5, eG, 5)} 
ny = {(6, 6)} 


and {m, M2, Mg, M4} is a partition of 
f = ((6, 7), (6, 6), (7, 5), (4, 3), (3, 1), (2, 2), (1, 4)} 
In particular we have 
f=m,Um,U mz Um, 
Note that m,o° mM,g°mM3z°M, = ὦ (1) 


' 
. 
. 
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(We even have m,om, = @ whenever i τά j.) 
Let us substitute for the non-identical minimal permutations the 

cycles which they define, 

¢, = (4,3, 1) = {(1, 4), (8, 1), (4, 3), (2, 2), (δ, δ), (6, 6), (7, 7)} 
=m, VU {(2, 2), (5, 5), (6, 6), (7, 7)} 
{(7, 5), (5, 7), (1, 1), (2, 2); (3, 3), (4, 4), (6, 6)} 
= ms ὦ {(1, 1), (2, 2), (3, 3), (4, 4), (6, 6)} 


(We also have co = c, = 1). This time we get 


cz = (5, 7) 


f= (4, ὃ, 1) ο (5, 7) = (5, 7) ο (4, 3, 1) 


For convenience we shall say that a cycle c of the set E distinct 
from the identical transformation operates on the subset P of E if 
and only if P is the set of elements of E which are not left fixed by c. 

Thus we say that (2, 5, 7) operates on {2, 5, 7}. 

Theorem -- Every permutation of a finite set is the commutative 
product of cycles (distinct from the identity) operating on disjoint sets. 

This factorization is unique. 


Exercises 

1. (1, 3, 4) U (5, 7) = ((1, 8, 4) ο (δ, 7)) UL. 

2. Note that the notation (5, 7) is ambiguous. It denotes on the 
one hand the pair with origin 5 and end-point 7 and on the other 
hand {(5, 7), (7, δ), (1, 1), (2, 2), (8, 8), (4, 4), (6, 6)}. As always when 
dealing with homonyms, only the context allows us to avoid con- 
fusion. The reader should note that if (5,7) denotes the cyclic 
permutation, we have (5, 7) = (7, 5) while if (5, 7) denotes the pair, 
(5, 7) # (7, 5). 


3. Decompose into cycles the permutations: 


123 4 56 6 7 8 91011 12 13 14 
1 & 812 2 4 614 S37 110 9 
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4. Establish the formulae: 
(1,2) = I 
(a, 6)? = I 
(1, 2, 3, 4)? = (1, 3) Ὁ (2, 4) 
(1, 2, 3, 4, 5, 6)? δὴ (1, 3, 5) ο (2, 4, 6) 
(1, 2, 3, 4, 5, 6)? = (1, 4) ο (2, δ) ο (3, 6) 
Generalize the preceding formulae. 
5. Establish that 


and that 
(1,2,.... Ἀ}Ὴ1 


for every natural number ἔ such that 1 < ἐ < x. 
6. Show that 
(1,2,...,)* = 1 «» π|α 


7. The cycle c = (1, 2,..., m) generates a cyclic group of order ἢ 

in the symmetric group of {1, 2,..., 5}. 
στρ (c) = {c° = 1,c’,...,c*- ἢ 

ΤῸ establish this proposition it only remains to verify that if a and 
b are distinct natural numbers strictly less than ἢ, we have c* τὰ οὗ. 
Assume a < b. By virtue of a preceding exercise we have οὔ“ # I, 
which establishes our proposition. 

8, Establish the formula 

(8... 2, 1)-* = (1, 2, ...-9%) = (0,.....52, PO" 
In particular 
(ὃ, a) = (ὁ, a)~* 

9, Let p = ¢,°¢,°...°¢, be the decomposition of the permuta- 
tion p into non-identical cycles. The order of p is the L.C.M. of the 
orders of the c;. We have 


VkeZ: p¥ m chocgo...0c 


In particular 


pi z¢ytotg*o...c¢;* 
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$6. DECOMPOSITION OF FINITE PERMUTATIONS INTO THE PRODUCT OF 
TRANSPOSITIONS 


Every cycle of order 2, (a, b) with a # ὃ, is called a transposition. 


go ies ol 


g 


The cycle (b, a) 


Every cycle decomposes into transpositions 
(1, 2,3,...,m — 1, m) = (1,m)e(1,m — 1)...0 (1, 4) ὁ (1, 3) ο (1, 2). 


ἡ ἘΞ Ξ 
(a, 0) ο (a, δ) = (a, b, c) 


Theorem — Every finite permutation decomposes into transpositions. 

In effect, every permutation decomposes into cycles and every 
cycle decomposes into transpositions. 

The decomposition of a permutation into transpositions is not 
unique : 

I = (2, 1) (2, 1) 


(3, 2) ο (3, 2) = (2, 1) ο (4, 3) ο (2, 1) o (4, 3) 
(1, 2, 3, 4) 


(4, 1) ο (3, 1) ο (2, 1) 
(1, 2) ο (4, 2) ο (3, 2) 
(1, 2) ο (2, 8) ο (3, 2) ο (4, 2) ο (3, 2) 
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The number of transpositions which occur in the decomposition of 
a permutation is not unique. We shall prove that the parity of this 
number is determined by the permutation itself. 

Proposition. Let p be a permutation and t a transposition of a 
jinite set E. The number of minimal permutations included in po t 
differs by unity from the number of minimal permutations included in p. 

Denote by c(p) the number of minimal permutations (distinct or 
not from the identical permutation) contained in p. 

We shall prove that 

c(pol)=c(p) + 1 

Put 

ἐ τ (a,b) with a,beE 


A priori there are two cases to consider. 

1, a and ὃ do not both belong to the domain of the same minimal 
permutation of p. 

In this case the formula 


(4, Ag, .. +) Ay) ο (ὃ, ba, .. ., Bn) ο (ὃ, @) | 
rE (a, bo, wen Bins b, (Δα. ....0. Ay) (1) 
shows that 
c(pot) = c(p) — 1 
2. a and b both belong to the domain of the same minimal permu- 
tation of p. 
Formula (1) again gives us 
(a, ὃς, acta Om b, Gg, ++ +s Ay) " (6, a) = (a, Ag, + ++ Ap) - (6, ba, sey Dm) 
which establishes that in this case 
o(p et) = e(p) +1 
Q.E.D. 
Theorem — If a permutation p is the product of an even number of 
transpositions, every decomposition of p into transpositions contains an 
even number of factors. 


Corollary. The preceding enunciation remains valid when we 
substitute the word odd for the word even. 

Let p be a permutation of a set E of n elements. Denote by c(p) 
the number of minimal permutations contained in Ὁ, and let us con- 
sider the corresponding cycles, 


; 
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Every cycle of order d admits a decomposition into d — 1 trans- 
positions. Since the sum of the orders of the cycles of p is n, the 
permutation p admits a decomposition into a product of n — c(p) 
transpositions. 

Let 

pat,o...o8 


be any decomposition of » into transpositions. 
Then 
pot, otgo...08f, = I 
Now 
(pot, otgo...ct,) =c(p)t lt lil...+1 
m 
and since c(I) = n, we get 
t1t1+1...4 l= — cp) 
".-Ο'.--..-....----- 
m 
Thus the m terms of the left-hand side contain 
(n — c(p)) terms equal to 1 
and, in addition, the term +1 the same number of times as the 


term —l. 
Therefore the difference between m and (ἢ — c(p)) is even. 


Q.E.D. 
Definition. A permutation is said to be even (odd resp.) of and only 
if it is composed of an even number (odd resp.) of transpositions. 


Exercises 
1. If p = t,¢...°t, is a decomposition of the permutation p into 
transpositions, we have p~* = t,o... ots. 


(9876543 2 1) 
895612473 
into transpositions. 


3. Let E = {1,...,7} be a finite set. The identical transforma- 
tion of E is even. 


2, Decompose 


4, Every transposition is odd. 


"ν᾿ pe 
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5. The cycle (c, ὃ, a) is even. 

6. The cycle (¢,, C,_3, Οῃ.-- ἢ» - - - Cg, 61) is even or odd according to 
whether 7 is odd or even. 

7. The product of two even permutations is an even permutation. 

8. The product of two odd permutations is an even permutation. 

9. The product of an even permutation and an odd permutation is 
an odd permutation. 

10. Every permutation is of the same parity as its inverse. 

11. The set 7, of even permutations of the set N = {1,..., n} is 
a subgroup of /,. We call it the alternating group of N. 


87. THE ALTERNATING GROUP 
Definition. Let E be a finite set. The growp «οὐ (ἘΠ) of even permu- 
tations of E is called the alternating growp of E. 
We denote the alternating group of {1,..., n} by %,. 
Theorem -- The set s/(E) of even permutations of the finite set E is a 
normal subgroup of the symmetric group Y(E) of this set. 
The quotient #(K)/.e7(E) is isomorphic to Zo. 
1, Let ae A (E) and se Y(K). 
Clearly we have s o ao 8.1 €.o/(E) (since 8 and s~! have the same 
parity). 
2. Since .7(E) is the set of even permutations of Εἰ, the difference 
S(E)\.<7(E) is the set of odd permutations. 
The map 
wf (E) > 0€ Z, 
S(E)\ A(E) > 4€Z, 
is an isomorphism 
S(E)/xf(E), o> Ze, + 
Q.E.D. 
Definition. A group # {v} is said to be simple if and only if it has 
no (non-trivial) normal subgrowps. 
Theorem — The alternating group 7, is simple for all n > 4. 
This theorem follows from the following lemmas, 


LEMMA 1, Every even permutation is a product of ternary cycles. 
11 
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(It is hardly necessary to mention that every cycle of order 3 is 
called a ternary cycle.) 

Since an even permutation is the composite of an even number of 
transpositions, it is sufficient to prove that the product of two trans- 
positions is a product of tricycles. This is established by the formulae 


(b, a) ο (ὃ, a) = 1 (product of the zero tricycle) 
(c, ἃ) o (ὁ, a) = (a, b,c) 
(d, ΟῚ) Ὁ (b, a) ™ (a, C, d) 5 (α, b, d) 


LEMMA 2. Every normal subgroup H of .o7, which contains a 
ternary cycle contains every ternary cycle. 

Suppose that (a, b,c)¢ H and let (i,j,k) be a ternary cycle of 
N= {1, Ὁ +5 Ἢ}. 

We can always construct a permutation of N 


6) ὃ. δ,... 
AY ane 
The lemma then follows from the formula 


oe ie ae A τ ea ΨΑ 
i, k, εἰς ) (2, “ ‘) ge k, a Ν (,2, ε 


LEMMA 8. Every normal subgroup of «“2., which contains a 
ternary cycle is equal to ~,,. 
An immediate consequence of lemmas 1 and 2. 


LEMMA 4. Ifn > 4every normal subgroup H of.07,, different from 
the identical subgroup contains a ternary cycle. 

We shall establish that the permutations of H which leave fixed 
the greatest number of elements of N are ternary cycles. 

Let p€H be a permutation of N which leaves fixed at least as 
many elements of N as every other permutation of H. 

Suppose that p is not a ternary cycle, and consider the decomposi- 
tion of p into cycles which are disjoint one from another. 

If all the cycles of this decomposition are transpositions, then 


p = (a, ὃ) ο (6, 4)... (1) 
If not, one of the cycles is of order > 3 and 
Ὁ - ία,δ,,...})»ο... (3) 


In this case there exists at least one element of N\ {α, ὃ, c} which 
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is not left fixed by p. There must exist another element not left 
fixed by p since H C /,. Denote these elements by e and ἢ. 
Since n > 5, we can consider in both cases the ternary cycle q = 
(c, 6, ἢ (the elements a, b, c, e, f always being assumed distinct). 

Let us transform p by gq. According to whether we have (1) or (2) 
we get respectively 


Pi =qopeq™* 
= (ο, 6, [) ο (α, b)o(¢,d)o...0(¢,e,f)~* 
i= (a, b) ἘΞ (ὦ, 6) Pie ia (3) 
and 
Pr =qopeq™” | 
= (c, 6, ἢ) ο (a, 6,¢,...)o...°(6,¢,f)-* 
Ξαοι | se See (4) 


Since H is a normal subgroup, we have p, ΕΗ and pr*opeH. 

All the elements of N\ {a, δ, c, e, f} left fixed by the permutation p 
are also left fixed by py? p. 

In the first case none of the elements a, b, c, d is left fixed by p. 
But 

(pr*op)(a)=a and (py*ep)(b) = ὁ 

which proves that pyf*o p leaves more elements fixed than p, con- 
trary to hypothesis. 

In the second case none of the elements a, b, c, 6, f is left fixed by p. 

But (py! p)(a) = a, which again shows that py’ o p leaves fixed 
more elements than p. 

It follows that p is a tricycle. 

Q.E.D. 
Revision exercises on Chapter 8 

1. The symmetric groups of equipotent sets are isomorphic (clue: 
prove that ifb : Εἰ — Fisa bijection, AE, o> SF,o:f—-befeb?* 
is an isomorphism.) 

2. The transformation of Z defined by 

Z—~>Z:2—7>2+1 

is a permutation of Z. Decompose it into cycles. Draw its diagram. 

3. The transformation of R defined by 

R—~>R:2—2° 


is a permutation of RK. 
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4. Let G,* bea group. The transformation of G defined by 


G-G:2-2 


is a permutation of G. What is its decomposition into disjoint 
cycles?’ In what case is this permutation an automorphism ? 
5. Apply exercise 4 to the groups 
Z,+3; Qo,-; Za, + 
6. Decompose the following permutations into disjoint cycles. 


a) (123456 
4536217 

9 (123456789 

 \75 4129386 


‘ 12345 6 ᾿ 12345 @ 
(6) (341652 ae: 
(d) (6, 5, 4, 3, 2, 1)" 
7. Decompose all the elements of grp {(8, 7, 6, 5, 4, 3, 2, 1)} into 
disjoint cycles. 


8. Describe the partition of a translation of the plane into minimal 
permutations. 


9, The same question for the symmetry of the plane with respect 
- to the straight line A. 
10. Important exercise 
Let E be a set. For every n-cycle (a,, @,...,a@,) Ε AE and for 
every fe SE, we have 
7 (Gy; Ga,» +s Mn) of ~* = (F (41); [(α4),. .., F(Gn)) 


11. Find the cardinals of the symmetric groups of the following 
sets with cardinal < 3: 


He 
δ Ἂν 
Hou i tl 


12. Let E be a finite set. We hav 
#Ean=># SE =... 
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13. The order of every permutation of {1, 2,..., 2} divides n! 
14. What are the commutative symmetric groups? 
15. ¥,, contains subgroups isomorphic to /,, for every m < 7. 
16. (a) Which elements of /{1, 2, 3, 4} leave invariant the subset 

{1} of {1, 2, 3, 4} 

(b) The same question for {1, 2}. 

(c) The same for {1, 2, 3}. 

(d) The same for {1, 2, 3, 4}. 
17. Find f, g ε A, such that 


1234567) _ ΠΣ ΜΗΝ, 
f°lo534761) ι2 4188 ὅ 


ἐπ 3.84 δῆ 
~ 9 5 8476] 


18. Give examples of 
(a) even permutations of even order. 
(b) even permutations of odd order. 
(c) odd permutations of even order. 
(d) odd permutations of odd order. 
19. (a) Consider a cycle of order. This cycle is even if and only 
if mis.... 
(b) If a product of cycles contains an even number of cycles 
of even order, it is even. 
20. How many distinct k-cycles are there in /,? 
21. Is the inverse of a cycle a cycle! 
22. (a) What is the order of a k-cycle? 
(b) Let (a;, ..-; @2; @;), (be, . - -» bg, by) be two cycles such that 
fa, Qo, .. +, A} O (δ, bg,..-, 0. = 5. Find the order of 
(Ay, - «+9 Gg; ay) " (5, εἰς bo, b;). 
23. Find a homomorphism of /,, ο onto the cyclic group of order 2. 
What is its kernel ? 
24, grp {(1, 2, 3)} ο grp {(2, 1)} = erp {(2, 1)} ο arp {(1, 2, 3)} 
erp {(2, 1)}  grp {(3, 2)} τέ exp {(8, 2)} erp {(2, 1)} 
25. We have seen (§6) that the group #, is generated by the set of 
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transpositions of {1, 2,...,}. Prove that the following subsets of 
f/,, are also generating subsets of F,,: 

(a) {{, 2), (1, 3), aay (1, n)}; 

(Ὁ) {(1, 2), (2, 3),..., (κα — 1, n)}; 

(c) {(1, 2), (1, 2, 3, oeey lt τα 1, )}; 

(d) {(1, 2), (2, 3, 4,...,%2 —1, n)}. 

26. Construct homomorphisms of “, onto “,. In particular, 

construct three epimorphisms of ”, onto ,. In each case deter- 
mine the kernel and the image. 


27. Prove that in Y,, 


sgr {(1, 2, 3), (1, 2, 4),..., (1, 2,2 — 1), (1, 2,)} = &, 
(clue: calculate (1, 2, 1) o (1, 2, k) o (1, 2, 1) o (1, 2, )). 
28. Prove that in /,, 
ser {(1, 2, 3), (8, 4,5,...,2 — 1, n)} = #, 
29. στρ {(2, 1) ο (4, 3), (3, 1) o (4, 2)} is isomorphic to Klein’s four- 
group. 


30. grp {(1, 2, 3, 4) ο (5, 6, 7, 8), (1, 5, 3, 7) o (2, 8, 4, 6)} is isomor- 
phic to the quaternion group. 


31. Let P be a group of permutations. 


(a) If there exists an odd permutation in P, P contains as many 
even permutations as odd. 
(b) The set of even permutations of P forms a subgroup of P. 


32. Write down the multiplication table of 


erp {(2, 1), (3, 1) ο (4, 2)} 

33. A permutation ε /, commutes with (1, 2,...,2) if and only 
if it is a power of (1, 2,..., 2). 

34. Find the commutator of (1, 2) o (3, 4) and of (1, 4) o (2, 3). 

35. Find the commutator of (1, 2,..., ὁ) and of (i, ἡ + 1,..., n). 

36. The commutator of two permutations is an even permutation. 

37. The derived group of /,, is », (clue: use 87, theorem). 

38. What is the centre of SY, ? 


39. For n > 3, the centre of /, reduces to the identical permuta- 
tion. 
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40. Consider the subgroup H of “5: defined by 
H= ser {(2, 1), (3, 1), (5, 4)} 
What is the centre of H? 
41. Find a normal subgroup of «οὖς. 
42. For every n # 4, οὖ, is simple. 
43. We denote the derived group of G by G’. 
And we put G” = (G’)’, G” = (G’J’, ete. 
Find §;, 8;, 87, δι΄, 87" for ὁ = 1, 2, 3,4 and for? = n > 4. 
44, CayLey’s Theorem: Every group of cardinal y is isomorphic 
to a subgroup of /(y). 
45. Find a group of permutations isomorphic to Klein’s four- 
group. 
46. Find a permutation group isomorphic to the cyclic group of 
order 71. 
47. Find a permutation group isomorphic to the quaternion group. 
48. Find a permutation group isomorphic to ὥς (Ὁ Zz. 
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Groups with Operators 


81, A UNIFYING CONCEPT 

The idea of a group with operators—which we shall define later 
on—generalizes that of a group and increases considerably the range 
of the theory. 

We shall see that vector spaces and ring-modules are groups with 
operators. The ideals of a ring are substructures of this ring 
regarded as a group with operators. 

Since the fundamental theorems of group theory remain valid in 
the generalized theory, the idea of a group with operators appears as 
a unifying concept which is particularly important by virtue of its 
applications. In particular, it allows us to connect the theory of 
vector spaces and that of ideals to the same stem of group theory. 

After defining and illustrating the concept of a group with 
operators, we shall see how the fundamental theorems already 
proved are generalized. 

In Chapter X we shall carry straight on with our account within 
the framework of the theory of groups with operators. 


82, EXAMPLES 


(a) Let M, + be a module. 
By the properties of the scalar law, in a commutative group every 
z € Z defines an endomorphism of M, + which we shall denote by z. 


z.:M, + —M, +: m-— (z.)(m) = zm 


We say that Z is a set of operators for M, + and that Z, M, + is 
& group with operators. 

Two distinct operators can define the same endomorphism. Thus, 
in the case of the module Ζ,, + all the even integers define the null 
endomorphism, and all the odd integers define the identical auto- 
morphism. 

(b) We know that the set V of vectors of ordinary space having a 
common origin 0 is a group V, +. 

150 
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Every homothety of centre 0 defines an endomorphism of V, +. 
Since the homotheties of centre 0 are completely defined by the 
radius of similarity, every real number defines an endomorphism of 
V, +. Thus R is a set of operators for the group V, +. We shall 
say that V is provided with a scalar multiplication 


R x VV: (r,v)—>rv (1) 


Since Z C R, the group V is ipso facto provided with the set of 
operators Z. The reader should note that the scalar law Z x VV 
deduced from (1) by restriction is none other than the scalar law 
which we defined in Chapter 3 and which we recalled in example (a). 

The group with operators R, V, + is called a vector space. 

(c) Let A, +,. be any ring whatsoever. Every element ac A 
defines by left and right multiplication the transformations @. and 
.a of A: 

a.:A—-A:2—-(a.)(v%) =a.x = ax 
a:A—+>A:x2-—->(.a)(z%) = %.a = χα 


Because of the distributivity of the multiplication of a ring with 
respect to addition, a. and .a are endomorphisms of A, +. 
Let us put for the moment 


A.=fajaeA} and .A = {.a}aeA} 


The commutative group A, + admits the sets A., .AandA.U.A 
as sets of operators, and consequently 

A., A, + 

A, A, + 

AUA.,A, + 
are groups with operators. 

(ἃ) Let G,* be any group whatsoever. We know that every 
element g of G defines an inner automorphism which we shall denote 
by g.: 

g.:G,*—>G,*:2—-(9.)(@) =9.% =~Ggeueg 

Every group G,* may therefore be regarded as a group with 
operators G., G, * where G. is the set of inner automorphisms of 
G, *. 

(6) The set auto (G, κ) of automorphisms of G, « can act as the set 
of operators for the group G,*, giving rise to the group with 
operators 

(auto (G, *)), G, * 
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Similarly, the set endo (G, *) of endomorphisms of G, * gives rise 
to the group with operators 


(endo (G, *)), G, * 


§3. GROUPS WITH OPERATORS 

Definition. Every set Q of elements such that every a Ε Q defines an 
endomorphism a. of the group G, * is called a set of operators for G, «. 

The structure Q, G, « is called a group with operators. 

For every x € G we shall put aa = (a.)(x). 

We may restate the above definition by saying that every group 
G, * provided with an outer law 

Qx GG: (α, 9) ag 
which is distributive with respect to *, i.e. such that 
VaeQ; Va,yeG: a(x * y) = ax * ay 


is called a group with operators Q, G, x. 
If ὦ, G, * is a group with operators, we therefore have 


VaeQ, Va,yeG: a(x * y) = (ax) « (ay) 


ἄν =p 


—_—_— 
παν 


ax = ax 
84, EXERCISES 


In some of the exercises below we introduce some fundamental 
mathematical structures. They are mentioned essentially with the 
aim of giving the reader some insight into the range of the theory of 
groups with operators. 

1. In the case of a commutative multiplicative group G,. every 
z€Z defines by the scalar law an endomorphism of G,. in the form 
of an exponentiation 

VzeEZ: G>G:qg-¢ 

The formula 


Va,yeG, VzEZ: (2.9 = αν 


expresses the fact that the transformation g — g* is indeed an endo- 
morphism of G, .. 


2. In a non-commutative group G, . raising to the power z is again 
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a transformation of G but it is no longer in general an endomorphism 
of G, .. 

(a) Show that in the group of isometries of the plane leaving a 
point fixed, squaring is not an endomorphism. 

To do this it is sufficient to consider the symmetries a and ὃ with 
respect to distinct straight lines which are not orthogonal and which 
pass through the fixed point. We then have 


(boa)? # b? oa? 
since 
a=) =T 
and (ὃ o a)? is a non-identical rotation. 
(b) Show that in the group 


“ἴα, ὃ, οἱ 


squaring is not an endomorphism. 
The reader may deduce this from the counter-example 


I= (c, a)? " (6, a)? τ ((ς, a) 7 (6, a))? τῆι (cba)? τς (abc) τὰ (οϑα)" ἢ # I 


Enunciate the assertion which appears at the beginning of this 
exercise in the case of non-commutative groups A, + and B, «. 
The transformations 


A-A:a—~>z 
and B->B:b—z106 


are not in general endomorphisms of A, + and B, «. 

3. In the module Z, + describe the endomorphisms 0., 1. and 2.. 

4. If Ω, G, * is a group with operators, then a >a. is a map of 
Q into endo (G, 5). 

Determine those groups with operators already encountered for 
which this map is injective or projective. 

5. Let us consider the group Z,, + provided with the set of 
operators Z (the endomorphisms being defined by scalar multiplica- 
tion). 

Let 2,, 2 € Z. 

When do we have z,.= Zg.? 

Deduce from this a natural way of providing the group Z,, + with 
the set of operators Z,.. What can you say in this last case about 
the map (a — a.) of the set of operators into that of endomorphisms ? 
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6. Let G,* bea group. The sets of operators G., auto (G, *) and 
endo (G, *) are stable for the product of composition, and we have 
G.,° C Auto (G, «), 0 C Endo (G, 5), o 
The outer law 
(Endo (G, *)) x ἃ -ὄ α 
satisfies the law of mixed associativity 
Va, ὃ € Endo (G, *), Vz eG: (α ο b)(x) = a(b(x)) 
7. Consider a group G,*. If f and g are transformations of G, 
the product f « g defined by 
VeeG: (f*g)(x) = f(x) * g(x) 
is a new transformation of G,*. If f and g are endomorphisms of 
G, *, the same is not necessarily so of f+ g. To see this it is sufficient 
to take f = g = I = the identical automorphism of G. We then 
have 
lel: G—>G:a2—-I[(a) «I(z) 


= ἢ αὶ ἢ; 
Ξ- 3 ] αὶ 


But we know (see Ex. 2) that if G,* is not commutative, the 
map 
G-oG:z4-2l|2 
is not in general an endomorphism. 


8. For a commutative group G, * the product f * g of two endo- 
morphisms of G, * is a new endomorphism of G, *. In other words, 
Endo (G, *) is stable for «. We shall establish that the structure 


(Endo (G, *)), * 
isa group. Its neutral element is the neutral endomorphism 
G+>G:g->yp 


which by a new abuse of words we shall often denote by v. 
The symmetric of the endomorphism f in the group under con- 
sideration is the endomorphism ἢ defined by 


f:G—-G:2—>f(z) = f(%) 
We can therefore write 


F(x) = f(@) = f@) 
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In the case of a module M, + the neutral element is the null 
transformation and the symmetric of the endomorphism ¢ will be 
denoted by --ἰ. The above formula will then be written 


(—t)(e) = {{--) = —(¢(2)) 


9, The ring of endomorphisms of a module 
Let M, + be a module. We know that Endo (M, +) is stable for 
the laws + ande. We shall establish that the structure 


(Endo (M, +)), +,° 
is a ring. 
Since the law ο is associative we simply need to verify the dis- 
tributive laws 


Vf,g,heEndo(M,+): feoggt+h)=feogt+feohk 
(f+g)coh=fohkh+goh 


(The first of these rules remains valid in the case of a non-com- 
mutative group M, +.) 
We shall say that 
(indo (M, + )), +,° 


is the ring of operators of M, + and, to simplify our writing, we shall 
sometimes allow ourselves to omit the o. 

10. Ring modules 

The module M, + provided with its ring of operators is a particular 
example of a ring-module. 

For every x, y € M and for every ἢ, g ¢ Endo M we have 


1( + νὴ =f@) + fly) 
(f + g(x) = f(x) + g(z) 


(The first of these formulae expresses the fact that f is an endo- 
morphism, and the second is none other than the definition of the 
law + in M™.)+ 

Definition. We define a ring-module (or more precisely an A- 
module) to be a module W, + provided with a ring A, +, . of operators 
such that the outer law (or scalar multiplication) is distributive both with 
respect to addition in A and with respect to addition in W, and satisfies 
the rule of mixed associativity. 

If α ΕΑ and we W it is usual to denote the result of the outer law 


+ Tr. See revision exercises on Ch. 2, Ex. 13. 


a aaa. 


a ee LL στα 
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by aw. The double distributivity and mixed associativity are then 
written : 
νας ἃ, νι, Εὖ: a(m + w) = am + aw 
Va,be A, Vwe W: (a + b)w = aw + bw 
Va,be A, VweW: a(bw) = (ab)w 
As a consequence of mixed associativity we can write abw instead 
of (ab)w or a(bw). 
This ring-module will be denoted by A, M, or even simply by M. 
The elements of A are called the coefficients of the ring-module. 
11. We call every ring K, +,. in which Ky = K {0} is a group 
for the multiplication of the ring a skew field. 
The reader should show that in a skew field K 


Va,bekK: a.b=0=>a=0 or ὃΞξ 0 

The structures 

0, +,.; BR, +,.; C, +,. are commutative skew fields or fields. 

The multiplicative group Ko, . of the skew field K, +,. contains 
a neutral element which we shall usually denote by 1. 

12. Let K, +,. be a skew field. 

Every ring-module K, V in which 

νυ εῦ: lv =v 


is called a vector space over the skew field K. 
The reader should establish that 


VkeK; VWveV: kv =0=>k=0 or v=0 


Note the abuses of notation which have just been made: the first 
and the third zero denote the neuter of the group V, + while the 
second zero denotes the neuter of K, +. 

13. The group with operators R, V, + (defined in §2, b) is a vector 
space. This structure explains the terminology used more generally. 

14, Let us consider the set R® of transformations of R (or of 
functions defined on R with real values). We know that R® is a 
group for the addition of functions. For every re R and fe R®, let 
us define rf ¢ R® as usual by putting VeeR: (rf)(x) = r. f(x). 

In this way R® is made into a vector space over the field R. 

15. The set of continuous functions with real values defined on the 
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segment [0,1] is a real vector space, i.e. a vector space over R. 
(We understand here that the inner and outer laws are defined in the 
natural way.) 


§5. ADMISSIBLE SUBGROUPS 

Let Q, G, * be a group with operators. 

Every subgroup S of G, * which is itself a group with operators 
Ω, Κ΄, * will be called admissible. This will be so if and only if § 
is stable for all the operators of . 

Definition. The subgroup ἢ of G, * is an admissible subgroup of 
Q, G, « tf and only if Vae Ὦ, 8Ε 85: ased. 


Exercise 


For every subset A of Q and for every subset B of G, it is natural 
to put AB = {fabjaeA, be B}. 
A subgroup § of G, « is therefore admissible if and only if QS C 8. 


Examples 

1. The admissible subgroups of G., G, καὶ are none other than the 
normal subgroups of G, «. 

2. The admissible subgroups of auto (G, *), G, * are the charac- 
teristic subgroups of G, *. 

What are the admissible subgroups of endo (G, ε), G, κεἴ 


3. Let A, +,. bearing. The admissible subgroups of A., A, + 
are called the left ideals of the ring A, +,.. 

Define similarly the right ideals. 

The admissible subgroups of A. ὦ. Δ, A, + are called the (bilateral) 
ideals of the ring A. 

4. Z is a subgroup of R, + but it is not an admissible subgroup 
of R, R, +. 

5. Since we have not made any hypothesis about the set of 
operators 2, the theory which we develop remains valid if Q = g@. 
In this case the admissible subgroups of Q, G, « are none other than 
the subgroups of G, «. 

6. Consider the vector space V formed by the vectors of space 
having a fixed point 0 as origin. Let v be a non-null vector of V. 
The subgroup of V, + generated by v is the set Zu = {τυ ἢ ze Z}. 
This is not an admissible subgroup. It is easy to see that the 
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smallest admissible subgroup or vector subspace of the vector space 
V which contains v is the set 


Rv = {rv} re R} 


The admissible subgroups of a vector space are called vector sub- 
spaces. 


§6. THEOREM 

Every intersection of admissible subgroups is an admissible subgroup. 

Let Y be a set of admissible subgroups of the group with operators 
Q,G,*. We already know that the intersection NS of this set of 
subgroups of G, * is a subgroup of G, «. 

It remains to prove that Mf is an admissible subgroup. 

Let ze NF andaeQ. We must establish that axe nF. 

Since τα N.Y, we have x eS foreverySe #. Since everySe # 
is an admissible subgroup it follows that αὐ ΕΚ for every Se /. 
Hence awe OF. 

Q.E.D. 


Proofs of this kind will be omitted from the subsequent work. 

Corollary. Every subset P of G generates an admissible subgrowp 
of Q, G, *. 

In other words, given a subset P of G, there exists an admissible 
subgroup of Q, G, « which contains P and which is included in every 
admissible subgroup containing P. 

The admissible subgroup generated by P is the intersection of all 
the admissible subgroups which contain P. 


87, EXERCISES 

1. Trivial admissible subgroups. 

Every group with operators Q, G, * has admissible subgroups {v} 
and G. ‘These are the trivial admissible subgroups of Q, G. 

Similarly {0} and A are bilateral ideals of the rng A, +.. These 
are the trivial ideals of this ring. 

2. The only ideals of a skew field are its trivial ideals. 

3. Every subgroup of Z, + is an ideal of Z, +,.. 

4. Every intersection of normal subgroups of a group G, * is a 
normal subgroup. 
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Every subset P of a group generates a normal subgroup. 

Enunciate and justify analogous propositions for characteristic 
subgroups and endostable subgroups. 

5. Every intersection of ideals of a ring is an ideal. 


Ivery subset of a ring generates an ideal. 

Give analogous propositions for left and right ideals. 

6. Every intersection of vector subspaces is a vector subspace. 
Every subset of a vector space generates a vector subspace. 


7. A subset I of a ring A is a left ideal if and only if 
VaeA; VWa,yel: a—yeEl and ἀεὶ 


8. A subset 8 of a vector space V over a skew field K is a vector 
subspace if and only if 


Va,beK and Va,yeS8: ax + byes 


9, If A is an admissible subgroup and B a normal admissible sub- 
group of Q, G, *, the product A+ B = Β κα Α is an admissible sub- 
group of 2, G, «. 


10. If S and T are vector subspaces of the vector space V, the sum 
S + T is a vector subspace of V. 


11. The sum of two ideals of a ring is an ideal. 


12, Consider a group with operators 2,G,*. Let P be a subset 
of G. If A is the subgroup of G, « generated by P and B is the 
admissible subgroup of 2, G, αὶ generated by P, we must have A C B. 


13. Consider the set R[x] of polynomials with real coefficients in 
the indeterminate ~. 


The structure R[z], + is a group. 
The structure R, R[x], + is a vector space. 
The structure R[x], +, . is a ring. 


The polynomial 2? + 1 generates in the group R{a] the subgroup: 
{z(a® + 1)}zeZ}; in the vector space R[z], the vector subspace: 
{r(x? + 1)}7 € R}; in the ring R[z], the ideal : {p(a? + 1)} p ε R{[z}}. 

14, Let P be a subset of the group with operators 2,G,*, De- 


scribe the elements of the admissible subgroup of G generated by P. 
12 
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88, THE QUOTIENT BY AN ADMISSIBLE NORMAL SUBGROUP 

Let ©, G, κ be a group with operators and N an admissible normal 
subgroup. 

We shall show that the quotient group G/N, * can be made 
naturally into a group with operators Q, G/N, «. 

To do this we define the outer law 


QO x G/N + G/N: (a, g * N) > a(g « N) 


by putting a(g ε N) = ag*N. 

We must justify this definition of the outer law by showing that 
it depends only apparently on the choice of the element g representing 
the class g* N. In other words we must prove that the formula 


g,*N=g,*N (1) 
implies 
a(g, * N) = a(g, * N) (2) 
In effect: 
61 x N = Jo Ἂς Ν 
>9,*g2EN 
=> a(f, * Jo) EN (because N is admissible) 
=> ag, *aggEN (because the outer law defines an 


| endomorphism of G, *) 
=> a(g, * N) = α(. * N) 


It is clear that every element of Q does in fact define an endo- 
morphism of G/N, ». 
Denote by φ the canonical homomorphism 
p:G—>GIN:g>g*N 
We are going to show that this homomorphism “commutes” with 
the operators : 
VaeQ,VgeEG: φίαῃ) = ag(g) 


For: 
p(ag) = agx N (definition of φ) 
= a(g*N) (definition of the outer law of Q, G/N) 
= ap(q) (definition of φ) 
Definition. Let 


O,G,* and QO,H,« 
be growps with operators. An admissible homomorphism of Q, G, κα 


GROUPS WITH OPERATORS 16] 


into Q, H, κε is a group homomorphism h: G, * --- H, * which com- 
mutes with the operators, ὃ.6. such that: 
VaeQ, VaeG: h(ax) = ah(zx) 

Admissible homomorphisms are sometimes called homomorphisms 
of groups with operators or Q-homomorphisms. 

Theorem — The canonical map of a growp with operators onto its 
quotient by an admissible normal subgrowp is an admissible homo- 
morphism. 

Examples and Exercises 
1, If V and W are vector spaces over the same skew field K, the 


admissible homomorphisms are called linear maps. 
The map ἐ : V — W is linear if and only if 


Va,beK; Va,yeV: t(ax + by) = at(a) + bt(y) 


2. We know that, with a point of ordinary space called 0, the set 
of points of the space can be made naturally into a vector space 
R, V, +. Every straight line D containing the origin then appears 
as a vector subspace. ‘The quotient V/D is the set of straight lines 
parallel to D, and is provided with the structure of a real vector 
space. Study the situation which would arise by substituting a 
plane P for the line D. 


80, THE IMAGE AND KERNEL OF AN ADMISSIBLE HOMOMORPHISM 

Theorem — The image and the kernel of admissible homomorphisms 
are admissible subgroups. 

We know that the image and the kernel are subgroups. It 
remains to prove that they are admissible. 

Let Q,G and ὦ, H be groups with operators and ἢ : G—H an 
admissible homomorphism. 

To establish the first part of the theorem we must show that: 

VaeQ: μεμα = ayehG 

Since y € AG, there exists 2 € G such that y = A(x), whence ay = 
ah(x) = (απ) € hG. 
(the second equality arises from the fact that h is admissible). 

To establish the second part of the theorem we must prove that 


VaeQ: χελτῖϊν > axe h-'v 


᾿ 
| 
Pa 
| 
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or, which is equivalent, 

VaeQ: ha =v => A(ax) = v 
which follows from the following working : 


h(ax) = a(hx) (hk is admissible) 
= ἂν 
=v (since the operator a defines an endomorphism of H, =) 
Q.E.D. 


1, Let Q, G and Q, H be groups with operators and ἢ : G — H an 
admissible homomorphism. The image by h of every admissible sub- 
group of G is an admissible subgroup of H. 

2. The inverse image by h of every admissible subgroup of H is an 
admissible subgroup of G containing the kernel of h. 

3. The image of every admissible normal subgroup of G is an 
admissible normal subgroup of hG, 

4, The inverse image of every admissible normal subgroup of H is 
an admissible normal subgroup of G. 

5. We know that the image by a homomorphism of every normal 
subgroup of a group G, * (without operators) is a normal subgroup 
of the image AG. We can deduce this result from the general 
proposition which states that the image of an admissible subgroup 
by an admissible homomorphism G —> H is an admissible subgroup 
of H. 

To do this let us start by noting that the proposition to be proved 
is equivalent to establishing that the image of a normal subgroup by 
an epimorphism is a normal subgroup. 

Therefore let 

h: A, *—B, * 
be a group epimorphism. 

We shall provide the two groups A, * and B, « with the set of 
operators A, each operator of A defining an endomorphism of A, * in 
the first case and an endomorphism of B, * in the second case—in 
the following natural way: 

VgeA, VaeA: ga = 9*axg 
VgeA, VbeEB: gb = (hg) * ὃ κα (hg) 

It is evident that the set of endomorphisms of A, « thus defined by 

the operators belonging to A is the set of inner automorphisms of A, *. 
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Moreover, since ὦ is a projection we may claim that the set of 
endomorphisms of B, « thus defined by the operators belonging to A 
is the set of inner automorphisms of B, «. 

Thus the admissible subgroups of A, A, * are the normal subgroups 
of A, « and the admissible subgroups of A, B, « are the normal sub- 
groups of B, «. 

Let us show that the given epimorphism / is an admissible epi- 
morphism for the new set of operators. 


VgeA, VaeA: h(ga) = h(g * a * δ) 
= h(g) « h(a) « h(g) 
= h(g) « h(a) * h(g) 
= gh(a) 


$10. HOMOMORPHISM THEOREM FOR GROUPS WITH OPERATORS 


Let 
h: Q, G, « > Q, H, « 


be a homomorphism of groups with operators. 
The homomorphism theorem for groups remains valid, hence the 
commutative diagram. 
h 
GH 


8 mm 


t 
(see Ch. 7, 87). 

We know that the image AG is an admissible subgroup of 2, H 
and that G/h = G/h-+v can be made canonically into a group with 
operators ὦ, αἰ. Moreover we know that the epimorphism 6 is 
admissible and it is obvious that the monomorphism m is admissible. 

Let us show that the isomorphism i is admissible. 

In fact, with the obvious notations, we have: 


i(a(g *h~*v)) = i(ag*h-*v) (definition of the outer law in G/h) 


= h(ag) (definition of 7) 

= ah(g) (because ἢ is admissible) 

, = ai(g * ᾽ν) (definition of 7) 
Q.E.D. 


-ν Ὁ Ὁ. ὦ. 


— 
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Theorem — Every admissible homomorphism of growps with operators 
hk: Q, G, « > Q, H, « 
18 the composite 
h=motce 
of the admissible epimorphism 
6: , αι, κ--» ὦ, αἰ, *:a2—>h-the 
the admissible isomorphism 
4: Q, G/h, * > Ω, AG, * : h-*ha > he 
and the admissible monomorphism 
m:Q,hG,*~Q,H,*#: yoy 


HOMOMORPHISMS AND SUBGROUPS 


Theorem — Let 
h: Q, G, « > QO, H, « 


be a homomorphism of growps with operators. The map 
h:R—>IS:N AN 


is a bifunction of the set N of admissible subgroups of G containing 
h-*(v) onto the set 4 of admissible subgroups of hG, in which normal 
subgroups correspond, 

We already know that the image of every admissible subgroup of 
G is an admissible subgroup of AG. 

The rest of the proof depends on some propositions which are 
important in themselves, the detailed proofs of which are given 
below. 

Proposition 1. The inverse image of every admissible subgroup K 
of H is an admissible subgroup of G containing h-+(v). 

Let 7, yeh-iK,aeQ. We have: 


x, yeh K = h(x), h(y) eK (definition of h~*K) 
=> h(x) * h(y) eK (K is a subgroup) 
=>h(x)*h(g)eK (the symmetric of the image = 

the image of the symmetric) 

(ἢ is a homomorphism) 
(definition of h~?K) 


>h(w*g)EeK 
>useGeh iK 
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aeQ, veh ἸΚ 5 ae€Q, h(x) eK (definition of ~+K) 
=> a(h(x))éK (K is admissible) 
=> h(ax) eK (ἢ is admissible) 
> axeh K (definition of h-*K) 
Q.E.D. 


Proposition 2. For every admissible subgroup 8 of G we have 
h—*hS = S*h- pv 


In fact 
xeEhhS h(x) εἶδ 
<JseS: h(x) = A(s) 
<> dseS: h(x) #h(s) =v 
<>dseS: A(x) *«h(s) =v 
<JseS: h(x*s)=v 
+JseS: x«*seh- ty 
lt follows that 


Vaeh-*hs: ἃ = (v*s)eseEhU(v)*8 = Κὶ «h- (vr) 
since h~*(v) is normal. Hence h-*AS C Sx h-*(v). On the other 
hand it is immediately clear that Καὶ « h-1(v) C h71AS. 
Q.E.D. 
Proposition 2 has as a corollary: For every admissible subgroup ὃ 
containing h~*(v) we have 
hhS - κα 
The map h is projective because of proposition 1; since for every 
subgroup K of hG we have: 
K = h(h-1K) 
with h-*K 9 10). 
On the other hand ἦ is injective ; for, let 5, T be subgroups of G 
containing h~*(v) such that hS = ἦτ. 
We have, by proposition 2: 
S = 8«h-(v) 
= h-*hS 
= h-*hT 
= Tx«h-}(v) 
-- Τὶ 
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The map h is therefore a bifunction of the set of admissible sub- 
groups of G containing h~+(v) onto the set of admissible subgroups 
of AG. 

We prove finally that the restriction of h to the set of normal 
admissible subgroups of G containing h~+(v) is a bifunction of the set 
of normal admissible subgroups of G containing h~*(v) onto the set 
of normal admissible subgroups of hG. 

This assertion follows immediately by the method of extension of 
the set of operators indicated in §9, Exercise 5, or immediately from 
§9, Exercise 3. 


811, ISOMORPHISM THEOREMS 

Let B and § be normal admissible subgroups of the group with 
operators 2, A, εὶ such that αὶ C BC A. It is evident that 8S is a 
normal admissible subgroup of B. We shall show that B/S is a 
normal admissible subgroup of A/S and that the quotient group with 
operators (A/S)/(B/S) is isomorphic to A/B by an admissible iso- 
morphism. 

By the homomorphism theorem for groups with operators, it is 
sufficient to exhibit an admissible epimorphism 

A/S — A/B 

whose kernel is precisely B/S. 

We have seen (Ch. 7 §11) that the map 

f: A/S —~ AJB: a*S8—~a*«B 

is an epimorphism with kernel B/S. 

This epimorphism is admissible since 


VAeEQ, VaeA: 
f(A(a # 8)) = f(Aa « 8) (definition of the outer law in A/S) 
= λ 5Β (definition of f) 
= X\(a*B) (definition of the outer law in A/B) 
= Af(a « 5) (definition of /) 


Theorem — Let B and § be normal admissible subgroups of the group 
with operators A, * such thatS C B C A. The quotient B/S is then a 
normal admissible subgroup of A/S and we have 


by the admissible isomorphiom (a « Β) * B/S > a +B. 
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We leave to the reader the pleasure of adapting the reasoning of 
Chapter 7, §12 to establish the second isomorphism theorem for 
groups with operators. 
Theorem — Let A be an admissible subgroup and B a normal admis- 
sible subgroup of the group G, *; the intersection AM B is then a 
normal admissible subgroup of A while B is a normal admissible sub- 
group of the group Ax B= Bx A. We have, moreover 
A|(A VB) = (A*B)/B 


by the admissible isomorphism a * (A 1 B)—>a* B. 


Revision exercises on Chapter 9 

1. Consider the group Z, +, the set w of natural numbers and the 

map | 
w x Z—>Z: (n, 2) —> nz 

Prove that w,Z, -- is a group with operators. What are its 
admissible subgroups ! 

2. Every commutative group may be regarded as a Z-module. 
What are its admissible subgroups? 

3. Is the hypothesis “commutative” in the preceding exercise 
essential? Justify your reply. 

4. Let G, + be a commutative group and Endo (G, +), Ἐν. the 
ring of endomorphisms of G (see Ch. 7, Ex. 106). Prove that the 
outer law 

(Endo G) x G>G: (f, 9) >f(9) 
makes G into a group with operators admitting Endo G as set of 
operators. 

5. Let Q,G, * be a group with operators. Every element of 2 
induces an endomorphism in every admissible subgroup of G. 

6. We know that every ring A may be regarded as a set of 
operators of its additive group A, + (by left multiplication). Give 
numerous examples of rings to show that two distinct operators can 
induce the same endomorphism of the group. 

7. The set {0, 2, 4, 6} provided with addition modulo 8 and with 
multiplication modulo 8 is a ring. Find a non-null element in this 
ring which induces the null endomorphism (by multiplication). 


we =, -- J = 


i -τῷ 
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8. All the elements of a “ring of null square’’ (defined Ch. 6, Ex. 13) 
induce the same endomorphism by multiplication. Which endomor- 
phism ? 

9. Consider the additive group Z3, + as a Z-module (see Exercise 
2). Find distinct elements of Z which induce the same endomor- 
phism of Zs, +. 

10. Denote by R?*?, + the additive group of 2 x 2 matrices with 
real elements. This group is made into a group with operators, 
admitting R as set of operators, by the definition: 

ὃ Sue. _ [a ra rb 
i) προ ΗΝ ᾿ i >: Ἣν a 


11, Let ἃ, * bea group. Let Π be any subset of Endo G (the set 
of endomorphisms of G, *). Prove that 


Il, G, * 


VreR, v(° 


is a group with operators. 

12. Let Q,G, * be a group with operators. The subgroup of G 
generated by the union of a set of admissible subgroups of Q, G is 
an admissible subgroup. 

13. Let ὦ, G, * be a group with operators. The union of 8 chaint 
of admissible subgroups of a group is an admissible subgroup. 

14, Let Q, G, * be ἃ group with operators. Every subset Π of Q 
defines naturally a group with operators II, G, *. Every admissible 
subgroup of Q, G, * is an admissible subgroup of IT, G, «. 


15. Let ἃ, * be a group. Take for Q the set of inner automor- 
phisms of ἃ. What are the admissible subgroups ? 


16. Let G, * be a group. Put Q = the set of automorphisms of 
G. What are the admissible subgroups? 


17. The same question taking for Q the set of endomorphisms of G. 

18, Let G, * bea group. What are the subgroups of G admissible 
for all sets of operators ? 

19. Is the centre of a group an admissible subgroup whatever the 
set of operators? (see Revision exercises on Ch. 7, Ex. 77). 

20. Prove that the derived group of a group G, * is an admissible 
subgroup for every group structure with operators Q, G, «. 

1 Tr. See Ch. 10, § 1. 
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21. Let G,* bea group. Prove that every normal subgroup of G 

can be considered in a natural way as a group with operators 
admitting G as set of operators. 


22. Let M, + be a module (or commutative group); let A, Ἔν: 
be aring. We can make M into an A-module by providing M with 
the outer law: 

Ax M—M:(a,m)—0 


23. Let M, + be a module; let A, +,. be a unitary ring (meaning 
that A contains an element, written 1, such that for every σε A: 
a.l1=1.a=a). Prove that the following two conditions are 
equivalent. 

(1) VaeM: 1.5: πΞ αὶ 
(2) AM = M 
(where AM = {a.m} aeA, me ΜῊ. 

24. Let M be a module over the ring A, and B a sub-ring of A. 

Show that M may be regarded as a B-module. 


25. Let M be an A-module. Prove that 
VaeM: 0:2 ΞΕ Ὁ 
(where the first 0 belongs to A and the second to M). 
26. Let M be an A-module. Prove that 
VaeA: a.Q = 0 
(where the symbol 0 denotes the zero of Μὴ. 
27. Let M be an A-module. Prove that 
VaeA, Vme M: 
58, Every ring may be regarded as a module over itself. 
29, Every ring may be regarded as a module over any one of its 
sub-rings. 
30. Make a list of axioms defining a vector space V over a skew 
field K. 
31. Every skew field may be regarded as a vector space over any 
one of its skew sub-fields (in particular over itself). 
32. The group of translations of ordinary space is a vector space 
over the skew field of reals. 
33. The group R, + is a vector space over R. 


a.(—m) = (—a).m = —(a@.m) 


θα “Ὁ: = 
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34. The group C, + is a vector space over R. 

35. Let G, + be a commutative group. Prove that G may be 
regarded as an (Endo G)-module (see Ex. 4). 

36. Give examples to show that a group with operators Q, G, « 
may be generated by a finite subset of G, without 2, G, * being able 
to be generated by a finite subset. 

37. Let R, V, + be the vector space formed by the vectors of 
space having a fixed point 0 as origin. 

The group with operators R, V, + has a generating subset com- 
prising three elements, while the group (without operators) V, + 
does not possess a finite generating subset. 

a What subgroup of V, + is generated by the non-null vector 
ve V? 

39. What is the admissible subgroup of R, V, + generated by the 
non-null vector ve V? 


40. What subgroup of V, + (without operators) is generated by 
two distinct non-null vectors of V ? 


41. What is the admissible subgroup of R, V, + generated by two 
distinct non-null vectors of V ? 


42. Enunciate the isomorphism theorems for vector spaces. 
43. Let A, +,. and B, +,. be rings. A map A—B is called a 
homomorphism if and only if 
Va,yeA: 7 Ἐν) - 7.) Ὁ (2) and f(x,y) = f(x). f(y) 
The image of f is a sub-ring of B. Suppose that f is an epimor- 
phism (f(A) = Β). The assumption that fis an epimorphism allows 
us to provide the groups A, + and B, + with the set of operators A 
by putting 
Va,xeA and VyeB: ax=a.x% and ay = f(a).y 
The epimorphism f is then an admissible epimorphism of the 
groups with operators 
A, A, + — A,B, + 
Deduce from this that the kernel of f is an ideal of A, +, .. 
Deduce that if K, +,. is a field, every homomorphism of rings 
h: K, +,.—B, +,. 
is either the null homomorphism or a monomorphism. 


| 
b 


—— 


10 
Dimension 


8], THE VECTOR SPACE OF ORDINARY SPACE 

We know that as soon as one of its points is taken as origin, 
ordinary space becomes a real vector space R, V, +. We propose 
to express by means of the structure R, V, + the fact that “ordinary 
space is 3-dimensional”’, 

If v, denotes a non-null vector of V, there exists a vector Ὁ of V 
which does not belong to the vector space V, = vet (v,) generated 
by v,. Whatever the choice of v, there exists a vector vg of V 
which does not belong to the vector subspace V, = vet {v,, v2}. We 
then have V, = vet {v,, vo, v3} = V. 

Thus we have constructed a chain of vector spaces 


Since V, # V, # Vo # Vz we call this chain strict. Since it is 
impossible to insert intermediate vector spaces into this chain 
without its ceasing to be strict, we say that chain (1) is a maximal 
strict chain. 

We characterize the dimension of ordinary space by saying that 
all the maximal strict chains of vector subspaces of R, V, + consist 
of three inclusion signs, 


Exercises 

1. Denote by R, P, + the vector space formed by the ordinary 
plane as soon as we denote one of its points by 0. 

We shall characterize the dimension of R, P, + by saying that all 
the maximal strict chains of vector subspaces of R, P, + contain two 
inclusion signs. 

2. Denote by R, W, + the vector space formed naturally by the 
set R!*4+ of sequences of four real numbers. The laws of this 
vector space are defined by 


+ Tr. See Revision exercises on Ch. 9, Ex. 10. 
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(α;, a, A; a4) + (b;, be, bs, bs) ἘΝ (ay Ἐ δ., ao + ba, dz + bs, a, “Ὁ δι) 
Κκία,, Gg, 3, Mg) = (ka,, kag, kas, ka,) 
where a, ὃ, k are real numbers. 

We characterize the dimension of R, W, + by saying that all the 
maximal strict chains of vector subspaces of R, W, + contain four 
inclusion signs. 

3. What is the dimension of the vector space ἢ, R, +? Justify 
your reply. 

4. Show that the real vector space defined by the set of real 
polynomials in x of degree at most equal to 5 is of dimension 6. 

5. Show that the vector space R, R{a], + defined by the set of all 
real polynomials in « is not of finite dimension. 


§2. NORMAL CHAINS 

(a) In the general theory of groups with operators the part which 
we have just seen played by chains of vector subspaces to define 
dimension will be filled by finite chains of admissible subgroups each 
of which is normal in its immediate neighbourhood. 

Conforming to normal practice, we shall write these chains as 
descending chains. 

Definition. Hvery chain 

G = G, 9.9 Gs D ,. 5 6,9 6... = &} 

of admissible subgrowps of a growp with operators Q, (α, αὶ such that 
for every ic {2,...,n} G, is a normal subgroup of G,_,, is called a 
normal chain of G. 


Examples of normal chains 
1, Every group with operators 0, G, * admits normal chains: 
G 9 {vr} 
α 9 639 {} D {rv} 9 fr} 
GOIGIGIGIGS ff 
Z 


2. Zo, > Ze D Ze > Ze D> {0} 
Zo4 9 {0} 
Zo D Zo4 9 Zag D Zy2 9 {0} 9 {0} 
5, 5 head 5 2,509 
"αν ὦ, 5. ἢ.510 
Ὡς 5 ὦ. 57, 5 Ὁ, 5.10) 
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3. Here are some normal chains in the group with operators 
(which is a vector space) R, R[x], +; (remember that for every sub- 
set P C R[z], vet (P) denotes the vector subspace generated by P, 
i.e, the admissible subgroup of R, R{w], + generated by P): 
R[x] > {0} 
R[x] > R{z] 9 Rix] 9 Rfx] 9 {0} 9 {0} 
R{z] 9 vet {x, 27} 9 vet {x, x7} 9 vet {x*} D {0} 
R[x] 9 vet {x, x”, 29} D vet {x, x9} 9 vet {x*} > {0} 
Riz] 2. vet ἴω, 24,.2°, 21°, a} Ὁ νοῦ (27, 2°, 2°? a} 
> vot {a7, 21%, 235} 9 vot Ὁ", 2**} D vot for?) 9 {0} 


Exercise 


In a commutative group with operators Q, M, + all finite chains 
of admissible subgroups comprising the trivial admissible subgroups 
are normal, 

In particular, all finite chains of vector subspaces comprising the 
trivial vector subspaces of a vector space V are normal chains of V. 


(b) Definition. If 
G= G, 9 G, 9 Gs 9 .2G4, 9 Gi, = ᾿ν)} 
is a normal chain of Q, ἃ, *, the sequence 
G,/Ge, Go/Gs, ..., G,/Gaaa 

is called the sequence of quotients of the given normal chain. 

Definition. Two sequences of growps with operators (all admitting 
the same set of operators) 

te. es ΑΝ 


and 
a eee : = 


are equivalent if and only if they satisfy the following two conditions: 

lm=n 

2. there exists a permutation p of {1,2,...,m} = {1,2,...,n} 
such that Wie {1, 2,..., m} = {1,2,...,n}: A, & By. 

Definition. Two normal chains are equivalent if and only if their 
sequences of quotients are equivalent. 
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Exercises | 
1. The following two sequences of groups are equivalent : 


R, Zo, Ζ10» Zs, Zo, Za; Ζ10» Z, {0} 
Za; {0}, Ζ10» Zo, Za; R, Ze; Zo; Z 


Write down all the permutations each of which by its existence 
allows us to affirm the equivalence of these sequences. 
2. Establish that the normal chains of the group with operators 
Q, G, * 
α D {0} 9 {0} 
α 9693 {0} 
are equivalent, 
3. Establish the equivalence of the normal chains 


Zang > Zag D Lg 2 {0} 
and 
Zeon Ὁ ζω D Zs ὃ {0} 


4, Every group with operators admits non-equivalent normal 
chains, 

5. In a group with operators every normal chain equivalent to a 
strict normal chain is itself strict. 

(c) We have been able to characterize the dimension of certain 
vector spaces by considering maximal strict chains. In the general 
theory we shall have to consider maximal strict normal chains. 

Definition. Every maximal strict normal chain of a group with 
operators is called a composition chain. 

Thus 


G = G, 9,9 49 eee > Gd G,., = ᾿)} 


is a composition chain of Q, G, κ if and only if the following con- 
ditions are satisfied : 

1. Each of the G, is an admissible subgroup of G; 

2. G, τὶ Go τὶ Gg τ... FG, αὶ Gaga; 

3, Vie {2, 3,..., n}, G, is a normal subgroup of G,_, ; 


4. Vie {2,3,...,n}, the formula G,_, > G’ > G, where G’ is a 
normal admissible subgroup of G,_, implies G’ = G,_, or G’ = G,. 
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Examples of composition chains 
oe Ὡς, 5 Sa ee See 
3%, 2% FE, Dd Ὁ) 


2. Denote by A, the vector subspace of R[X] whose elements are 
the polynomials of degree at most equal to 3. 
PY, 2 νοῦ {1, X, X2} D vet {1, X} 9 vet {1} 9 {0} 
P,, > vet {1, X2, X3} D vet {1, X2} D vet {Χ3} 9 {0} 
FP, D vot {X, X*, X*} D vot {X, X*} D νοῦ {X*} 9 {0} 
Examples of normal chains which are Not composition chains 
l. Zag D Ζ,. D ὥς D {0} 
Zo, > {0} 
2. R[X] 9 FY, 9 vet {1, X, X*} D vet {1, X} 9 vet {1} 9 {0} 
R{[X] > {0} 
R[X] 9 Φ, D vet{1, X, X7} 90 

The importance of the idea of a composition chain appears in the 
Jordan—Hélder theorem whose proof constitutes the main part of 
this chapter. 

Enunciation of the Jordan (1869)—Hoélder (1889) theorem — If a growp 
with operators Q, G, * admits a composition chain, all its composition 
chains are equivalent. 

In particular, then, all the chains contain the same number of 
inclusion signs. Since, in the case of vector spaces of ordinary space 
and their subspaces this number is none other than the dimension, 
the Jordan—Hiélder theorem provides a generalization of this concept. 


Exercises 


1. We know that every proper subgroup of Z is of the form nZ 
with m Ew ,. For every k Εν we have 


nZ Ὁ (kn)Z 


Deduce from this that Z, + does not admit a composition chain. 
2. We know that 


Vm,n€w: Ly 9 Z_ <> min 
13 
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Using the preceding proposition, determine all the composition 
chains of the group Z99, +. 


$3. PROOF OF THE JORDAN—HOLDER THEOREM 


We have ascertained that in R, V, + the composition chains—i.e. 
the longest strict normal chains—provide us with very precise 
information. In R, V, + every non-maximal strict normal chain 
may be refined into a composition chain by inserting new vector 
subspaces. 

Definition. We define a refinement of a normal chain to be any 
chain obtained from the original chain by the insertion of admissible 
subgroups (distinct or not from the subgroups of the given chain). 

We admit that every normal chain is a refinement of itself. 

This definition applies to all normal chains (strict or not). 


Exercises 
1. The chain 
ὦ τ- 124) 2Z 182 D 90Z D 9,000Z 9 0Z 
admits amongst others the following refinements: 


ὦ - 15 22 Ὁ 6Z D 18Z D 90Z D 450Z D 9,000Z 9 0Z 
2 - 1Ζ ὦ 245 2245 184 5 90Z 9 90Z D 9,000Z 9 0Z 
4Z=1Z 22 3 6Z D 6Z D 18Z D 90Z D 9,000Z 5 90,000Z D 0Ζ 


2. If the chain A is a refinement of the chain B which is itself a 
refinement of the chain C, the chain A is a refinement of the chain C. 
3. Refine the following chains in R, V, + into composition chains. 
V 9 vet {v,, να} 9 {0} 
V 9 vot {v,} > {0} 
V> {0} 
where v, and v, are vectors such that v, ¢ vet {v,}. 
4, Refine the strict chain 
V 2 vet {v,, vg} 9 vet {v,} 9 {0} 
of R, V, +. 


| 
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5. What can you say about every refinement of a composition 
chain of a group with operators ! 

The fundamental result on the refinement of chains in groups with 
operators is provided by Schreier’s (1928) theorem which we shall 
prove in the next paragraph. 

Enunciation of Schreier’s theorem — In every growp with operators 
any two normal chains admit equivalent refinements. 

We show that Schreier’s theorem implies the Jordan—Hdélder 
theorem. 

Suppose that the group 2, G, « admits the composition chain 


ἃ .-- Ὁ, σι 5 465 ...9634,. δὲ (1) 


We must prove—using Schreier’s theorem—that every composi- 
tion chain 


Ga, DH, 9 te DS ... OH, 9 Ἦν), = eh (2) 
of Q, G, « is equivalent to (1). 
Proof 


By virtue of Schreier’s theorem the composition chains (1) and (2) 
admit equivalent refinements (1’) and (2’) respectively. 

Since (1) is a composition chain, (1’) is identical to (1) or is obtained 
from (1) by inserting groups which already appear in (1); we there- 
fore pass from the sequence of quotients of (1) to the sequence of 
quotients of (1’) by inserting groups all isomorphic to {y}. 

Similarly for (2) and its refinement (3). 

Since (1) and (2) are composition chains the neutral group does not 
appear in their sequences of quotients. Therefore the equivalence 
of (1’) and (2’) implies that of (1) and (2). 

Q.E.D. 

Definition. group with operators is said to be of finite dimension 
if and only if it admits a composition chain. The number of inclusion 
signs appearing in each of these composition chains is called the 
dimension of the growp. 

The Jordan—Hdélder and Schreier theorems imply the important 

Theorem — In a group with operators of finite dimension every strict 
normal chain may be refined into a composition chain. 
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Let C be a composition chain and./ a strict normal chain of the 
group Q, G, *. 

By Schreier’s theorem, these chains admit equivalent refinements 
C’ and.’ respectively. 

If C = C’ the theorem is proved, since a normal chain which is 
equivalent to a composition chain is itself a composition chain. 

If C « Οἱ the chain C’ cannot be strict (since C is a maximal strict 
normal chain). The chain C’ therefore has a certain number of 
repetitions. Since C’ and .”’ are equivalent these chains have 
the same number of repetitions. The chains C and / being strict, 
the repetitions in C’ and #”’ arise from the introduction of new 
subgroups during the refinement. If we suppress in C’ and .”’ the 
groups causing the repetitions we obtain equivalent strict normal 
chains C” and #”, refinements of C and / respectively. 

Since C is maximal we have this time C” = C, and.” is indeed a 
composition chain which is a refinement of ‘1, 

Q.E.D. 


84, SCHREIER’S THEOREM 


Theorem — Two normal chains of a growp with operators admit 
equivalent refinements. 


The main lines of the proof of this important theorem go con- 
siderably beyond the theory of groups with operators, and are 
independent of the methods characteristic of group theory. 

On the other hand certain details of the proof depend essentially 
on the theory of groups with operators to the point of requiring the 
very technical proof of a third isomorphism theorem. 

We shall therefore start by describing the main lines of the proof 
without appealing to the theory of groups with operators. To fix the 
concepts in our minds we shall give three examples where the details 
instead of needing the heavy artillery of group theory, are resolved 
by using very elementary properties of geometry, arithmetic or set 
theory. 


Ἐ © * 
We must first describe the more abstract ideas independent of 


group theory which generalize those of a normal chain, a family of 
quotients and equivalent normal chains, 
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Normal chains will be generalized by ladders which are essentially 
totally ordered finite sets} (or finite chains) of elements called steps. 
The order relation will be denoted by <. 


A:@, € Gq S ... € Gy & qui 


can easily be represented by the diagram 
Gy ag ay Gn+1 
In a given normal chain, to every group G, of the chain there 


corresponds the quotient 
αι σι +1 


In a ladder, every step (#4, ) will define an object called the 
separation which we shall denote by a,/a,,,. We shall assume that 
an equivalencet denoted by ~ is defined for the separations. 

Every ladder defines a family of separations; two families of 
separations (e;),<: and (w;);ex Will be called equivalent if and only if 
there exists a permutation Ὁ of I such that 

Viel: δι ~ Ups 

Two ladders having the same initial element and the same final 
element will be said to be equivalent if and only if their families of 
separations are equivalent. 


Examples of ladders 

1. Every normal chain of a group with operators is a ladder. The 
steps are the admissible subgroups; the ordering relation is the set- 
theory inclusion >. As we said above, the separation G,/G;,, is 
none other than the usual quotient of G, by its normal subgroup 
G,,,- ‘The separations are therefore also themselves groups and two 
separations are equivalent if and only if they are isomorphic. 

2. Perhaps the most intuitive example of a chain is that furnished 
by a ladder of points of an ordered segment [α, ὃ]. 

|| /-————_1 _ 

a= @, ἄὰ a3 Zp Gn+, = ὃ 
The separation a,/a,,, of the step a, is here the distance (α,α,. 1). 

Two separations will be called equivalent if and only if they are 
equal. 

+ Tr. See Appendix. 


eee Ὁ . 


——————— eee —- 


180 GROUPS 


The first two chains of the diagram below are equivalent. They 
are not equivalent to the third chain. 


o 
ll 
AY 
ἐδ 
ὦ 
- 
δ, 
& ΜΞ ΕΒ 
Ι 
μι 


δι ὦ δι het ρος 
3. Let there be given a set E. Every finite chain 
E=EH, 2 E, SE, 9... 5H, 93 E,., = 2 
is a ladder with the following definitions. 


The separation E,/E,,, is the difference E;\E,,,. Two separa- 
tions are equivalent if and only if they are equal. 


Il 
Γ 


4, Every chain of successive divisors of a natural integer ending 
in | is a ladder for the ordering “... is a multiple of ...”, with the 
following definitions. 

The separation defined by a divisor is its quotient by the following 
divisor. ‘Two separations are equivalent if and only if they are equal. 

The first two chains of the diagram below are equivalent and they 
are not equivalent to the third. 


120 60 15 3 1 
-----ὠὀοοΟ- - .σςς-.-.- -Ἰ-.- - 
2 4 5 3 
es - ἢ 2 1 
9 5 4 2 | 
120 μη 30 6 1 
--- |} }-——- - ἃ 
2 2 5 | 6 | 


The problem which arises implicitly is the following: do two 
ladders with the same initial element and the same final element 
always admit equivalent refinements ? 

We shall see that this is indeed so in the cases of examples 2, 3 
and 4 above. The proofs in these cases gradually suggest a method 
of proof for Schreier’s theorem itself. 


* πὸ κ᾿ 
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Let us consider the two ladders of points of the segment [0, 1]. 


a: O=@, € dg € dg ©... Ay F< Any, = 1 
b: O= 6, 46,66, <...66, Ξ κει = 1 


We solve the problem by interpolating chain ὃ deprived of its end- 
points homothetically+ between each successive step of chain a and 
vice versa. 

In this construction the jth point of chain ὃ is mapped between 
the steps a, and a,,, of chain a at a point which we denote by a, ,.f 
The steps 5; ; are similarly defined. 


Clearly we have 
Vi = 1,...,m: A n+1 = 4.1.1 = Me1 
Vj =1,...,7: 5 m+1 = δέει = Ds 41 


The refinement of chain a is therefore formed by the m.n steps a, , 
(ordered lexicographically{ by the double index 7,7) and the final 
step 1. 

In the refinement of a, the separation defined by the step a, , has 
the value 


αι αι κα = (αι μα — αὐ (δ)... — δ) (1) 
As a result of the commutativity of this last product we have 
αι αι 541 = 05 [D5 441 
which establishes the equivalence of the refinements. 
* + * 
Consider two ladders of subsets of a set E. 
Bm A, D9 ἃ, 9 Ag D ... DA, 9 Aga: : @ 
E = B, > Bg > Bs 2 oo 2 By) Boas 
We try to find a construction analogous to that which succeeded 
so well in the previous example. How can we insert between A, 
and A,,, 8 “reflection” of the chain B? A method quickly springs 
to mind; map each of the B, into 
Ay; = (A; 0 B,) VU Aggy = A, (Βιὺ Δ) = A,B, U Ay, 


We define similarly 


ll y 
Q 


B,, = B,N A, VU 8Β,... 


ἐ Tr. The construction of the points a,, is defined by equation (1). 
~ Tr. See Appendix. 


- SN αν τορι - 


"ἢ eee 
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As above, we consider the refined chains formed by the m.n steps 
A; ;, B;, and the empty set. In the refined chain the separation 
defined by A, ; is 

Ay fAg ya. = (Arp O By ὦ Ags )\ (ALO By aa U Δ...) 
We shall show that 
Ai glAtger = (Ar By U ΑΝ Δ, 0 Bya sy U Ayes) 
= (Βι A, U ΒΝ (ΒΒ. 9 Apa U By 41) 
Ὕ Β, εἰ 1,181 
This follows immediately from the four-set lemma. 
The four-set lemma 
BCA and DCC=(ANCUB)\(AN DUB) 
=(COAUD)\(COBUD)t 
Proof 
Consider the difference 
(ANCU B)\(AN DUB) (1) 


{ When we abandon the hypotheses B C A and D C C we no longer have 
(AMC)UB = AN(C UB), but we can show as an exercise that 
(ANC)UB\(AND)UB =AN(CUB)\AN(D UB) 

=CN(AUD)\CO(BYD) = (CN A)UD\(COB)UD 
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By virtue of the formula (X ὦ Z)\(Y¥ ὦ Z) = X\(Y UZ) we 
will not change the set (1) by suppressing U B in the first term of the 
difference. 

By virtue of the formula (X NM Y)\(X ὦ 2) = (KO Y)\Z we 
can then suppress A Ὁ in the second term of the difference. 

Thus 
(ANCUB)\(AN DUB) = (AN C)\(D UB) 

= (CN A)\(BUD) = (CN AUD)\(CNOBUD) 
Q.E.D. 


* + κ᾿ 


Consider the two ladders of successive divisors of the same natural 
number 6. 


ὁ = ay [-3 ας [τας [-...} τ ας [παρ = Ht 
ὁ = by [1 by |~* bg [“"...} 8, Ong = 1 
We shall convert this situation into the preceding one by the 
injection ¢:w—->Pw:x—>4q(x) where q(x) denotes the set of 
primary divisors of the natural number ἃ. 
Since 
Va,yew: 2|-ty<>q(x) 9 gy) 
we have the ladders 
qe) = φία!) 2... I UGm) 2 4(1) = 2 
qe) = g(0;) 9. ... 2 φίθ,) 9. 4(1) = 2 


We know that the ladders admit equivalent refinements which we 
shall obviously denote by 


qa) O G(b;) ὦ φία,...), 1 (2) 
Q(b;) 1 g(a) ὦ g(b;43), 1 (3) 
with = 1,...,%; j= I,...,%. 


Since 
Va,yew: σία Ay) = gzxAdy); dev y) = Ux) YU Ay), 
we have 
G(s) O Q(O;) ὦ φία,..1) = φία, A ὃ, V αι.) = GG) (4) 
(bs) O φία!) ὦ Q(b54.2) = α(δ, A ας V ὃ,..1) = φίδι) (5) 
7 Tr. See Appendix. 2|~*y< y|a, i.e. y divides x. 


“πω... ......... —_ ΕΝ ρα 


et. ann 


| 
| 
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by putting 
a; j = ty λα b; V α.1 (6) 
b; = ὃ; AG, V δ... (7) 


And the ladders (ordered lexicographically according to the indices 
(, 9) and (7, 2)) 

a; 3, 1 

b; 4, 1 


(with i = 1,...,m; Jj = 1,...,) are refinements of the ladders of 
successive divisors of e given initially. 
It remains to prove that they are equivalent. 
Using formulae (4) and (5) the equivalence of ladders (2) and (3) 
gives 
Vie f{l,...,m}; ν7 Εἰ1,...,5}: σία) φίαι,,.ι.) 
= (55.1) \q(0;,441) 


It is therefore sufficient to prove that if wu and »v are natural 
numbers such that u|v, the difference g(v)\q(u) determines v/w. 

Denote by p(q(v)\q(u)) the set of primaries obtained from 
q(v)\q(u) by dividing every primary p” € q(v)\q(u) by p™~*, where 
p™ is the smallest primary of prime p belonging to 9(v)\q(w). 

It then follows that 


p(q(v) \q(u)) = g(v/u) 
which establishes the proposition. 
* * Ἀ 


Consider finally the two normal chains of the group with operators 
Q, G, * 
G=G,5G,9...3G, 93 Gaw = [ν) 
G=H,>H,>3...9H, 9 Basi = &} 


The preceding examples suggest the construction of admissible 
subgroups grp (G,;  H; U G;,,) generated by the sets ἁ H;U 
Gigi = (G, ΓᾺ H;) ι. 6,.... 

The normal subgroup G,,, of G, commutes with every element 
of G,, therefore with every element of ας ἡ H,; it follows that the 
subgroups (G, H,) and G,,, commute and consequently (see 
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Revision exercises on Ch. δ, Ex. 1), (G; A H,) εις. is an admissible 
subgroup of G; whence immediately 


grp (G; ὦ Hy UV Gi43) = (ἃ, ὦ Hy) * Gyy 


In order to emphasize the connection with the preceding example, 
we start by establishing that 


(ἃ, ὦ H,) * Gis, = αι, ὦ (HO, κα...) 


Proposition 1. If A, B, C are admissible subgroups of Q, G, * such 
that B is a normal subgroup of A, the product (A Τὰ ΟἹ « B is an admis- 
sible subgroup of Q,G,*« and we have (AN C)*B = AN (Ὁ αὶ Β), 
which gives a non-ambiguous meaning to the expression 


ANC«B 


It remains to prove only the formula (A ἡ Ο) κα B = ANM(C#*B). 

Let xe (A MC)*B. Then a = τὶ αὶ ὃ, withwue ANC and ὃ ΕΒ. 
Since B C A, then be A; therefore we A and δε A, whence x = 
u*xbeA. Since weC and bE B, we get «=webe(C xB). 
Finally xe AM (Ο κα Β). Therefore (A MC)* BC AM ( 5" Β.). 

Let xe AN(C#«B). Then x=cx#b with σε, bE B and 
c*beA; since B C A, we have be A and therefore ce A, hence 
ceANCandz τ δε ὃ ε(ὰ ὦ ΟἿ « Β. 

Therefore A ὦ ( κα Β) C (ANC) « Β. 

Q.E.D. 
We can therefore quite happily put 


This formula is meaningful for alli ¢ {1,..., m},j e{l,...,m + 1} 
We note that 
αν, πε = Gii1= ας... 


We define similarly 
Hy, = H,;O G,* Hyy1 
which is valid for j €{1,..., n}, ie {l,...,m + 1}. 
This time we have H, »., = Hy., = Hy4,,1. 
We shall consider the chains of admissible subgroups 


σι» {v} and Η,,, fy} 
ordered lexicographically for the double indices. 


—" 2 eee 
- > 5 
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Let us show that G, ;,, is a normal subgroup of G, ,. 

Since H,,, is a normal subgroup of H; and G,,, commutes with 
every element of G; H, (and therefore also of ἃ, ἡ H,,,) the 
desired result follows from the following two propositions. 

Proposition 3. If A, B, C are admissible subgrowps of Q, G, « such 
that C is a normal subgrowp of B, the intersection A CC is a normal 
subgroup of AN B. 

AB is a subgroup of B, and C is a normal subgroup of B. 
Therefore the intersection (A © B) MC (which is none other than 
AC) is a normal subgroup of A B. 

It follows from this proposition that ας, Ὁ H,,, is a normal sub- 
group of G, Ὁ H,. 


Proposition 3. If A, B, C are admissible subgroups of Q, G, * such 
that C is a normal subgroup of B, and if A commutes with every element 
of B, the product C « A is a normal admissible subgrowp of B * A. 


Let ac A, be Β, 
Since C is a normal subgroup of B we have 

beC =Cxb (8) 
Since A commutes with every element of B we have 

be A=Axb (9) 


= 
i 

= | 
q 
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whence, remembering that C C B, 


C*eA= AC (10) 


We must establish that C * A is normal in B« A, i.e. that C#A 
commutes with every element ὃ « α of B « A. 

A simple calculation : 
bxaexC#xA 


=bxaxC#xAxa (since @ is an element of the group A) 


=bxaxAxCe#a (by (10)) 
=bxAxCe#a (since ὦ is an element of the group A) 
=AxbseCxa (by (9)) 
=A+C#bea (by (8)) 
=CrAxbea (by (10)) 


It follows from proposition 3 that (ἃ, Ὁ H,.,) * G,,, is a normal 
subgroup of (ἃ, ἡ H,) * G;,. 
Before going further let us recapitulate the results already obtained. 


Summary — Given the normal chains of the growp Q, G, «. 
G = G, 9,9 iets > G, 9 4: = ty} 
G =H, > H, dD one > H, 9 ἢ... = ἐν) 
we have established that 


νὲ -- l,...,m; δή τι 1,...,5 + 1: (ὦ, O ΗΠ) * Gy. 
= G, A (Β,» Gy41) 
(Η, ὦ G,) Ἐ Η,..} 


ΞΞ Η, ΓᾺ (α, * H,.3) 


Vj = 1,...,”; Ve=I1,...,m + 1: 


which allows us to put 


Vee l,...,m; V9 = 1,...,0 + I: 
Woe l,...,9; ὲ τ l,....m + 1: 


We have 


αι, ΞΞ G, ΓᾺ Η, Ἂς Gis 
H,; ΞΉ, ὦ G; * Hy,, 


Vi 


λων MB Ginet = ας} = Gira, 
Vj 


Η, n+ — Hy44 = Hyei 1 


ui 
3 


Let us order the G, , (fori = 1,...,m;j = 1,..., ”) lexicographi- 
cally for the double index ij and add to this sequence the neutral group 
{v} as the (mn + 1)-th element. In this way we obtain a normal 
refinement of the normal chain (G,) which we shall denote briefly 
by (Giz, {v})- 
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Similarly (H,,, {v}) is @ normal refinement of the normal chain (H,). 
In the chain (G,;, {v}) the successor of 


G, te {1,..., m}, gj e{l,..., m}) 


18 Gy 541. Similarly the successor of Η, «(3 = {l, ees n}, ὃ Ε {l, ere m}) 
an the chain (H;;, {v}) is Hy ,..1. 

It remains to prove that the chains (G,,, {v}) and (H,,, {v}) are 
equivalent. 


Taking into account the definition of equivalent normal chains and 
of the results summarized above, it is sufficient to prove that 


Vief{l,...,m}, Vje{l,..., n}: 


(α, ἡ Hy * Gy 43)/(G, ὦ Hyyy κα. 3) | 
= (ΗΠ, 9 G, * Hy,3)/(A; ἡ αι... * Hy 41) 


This follows from Zassenhaus’ theorem 
(Vierergruppensatz, or third isomorphism theorem). 

The four growps theorem (Zassenhaus 1934) — Let A, B,C, D be 
admissible subgroups of the group with operators Q, G, αὶ such that B is 
a normal subgroup of A and D a normal subgroup of C. 

AQD«B is then a normal subgroup of ANC« B,C NB«D 
is a normal subgroup of CO A * D, and the quotients are isomorphic. 


(AA C*#B)/(AND+*B) x (CN A*D)/(COB*D) 


As we mentioned above, the first two assertions of the theorem 
follow from propositions 2 and 3. It remains to prove the iso- 
morphism. 

We shall base this proof on that of the four-set theorem. 

There we used two formulae of set-theory 


(X U Z)\(Y UZ) = X\(Y UZ) 
(XA Y)\(K ANZ) = (KN Y)\Z 


It will suffice to establish analogous formulae for groups. 

To do this, we start by observing that the quotient of an admissible 
subgroup Καὶ of 2,G, * by a normal admissible subgroup N of § is 
entirely defined by the equivalence (congruence modulo N) provided 
by the formulae 


Va,yes: zeesyoreGeEN 
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The same equivalence is defined by a formula 


Va,yeS: wseyouegeP 


where P is a subset of G. 
It will therefore be convenient to denote this quotient also by S/P. 
Proposition 4. If X, Y, Z are admissible subgroups of Ὡ, G, * such 
that X « Z and (X ε Z)/(Y * Z) are groups, we have 
(X « Z)/(Y « 2) = X/(Y * Z) 
For every ΣῈ X, z€Z we have ¢* (ὦ 2) ΕΥ̓ * Z which proves 


that the element x « z belongs to the class of a. 
Q.E.D. 


Proposition 5. If X and Y¥ are admissible subgroups of Q, G, * and 
Z a subset of G such that (X ἡ Y)/(X ὦ Z) ts a group, we have 
(XA Y)/(X OZ) z= (KN Y)/Z 


In fact 
“@eveXOZ<asteveZs 


Q.E.D. 
Let us apply proposition 4 to the group (AMC * B)/(A ὦ Ὁ « B). 
We get 
[ΓΑ ὦ Ο κα ΒΊΑ ἡ D) « B] = (AN C)/[(A ἡ ἢ) - ΒῚ 


Then apply proposition 5 to the group (ἃ ἡ C)/[((AM Ὁ « Β)]. We 
get 


Vu,ve xX ny: 


(A ὦ C)/[A A (Ὁ « B)] = (AN C)/(D « B) (11) 


whence [(A ὦ ΟἹ « B]/[((A A Ὁ) κε B] = (AN C)/(D « B). 
It remains to permute D and B. 
To this effect note that 


(A ἡ C)/(D « B) = (AN ΟΠ (Ὁ « B) N (AN ΟἹ] 
Let us show that 
(D* B)N (ANC) = (Be D)N(ANC) (12) 
By the symmetry of the formula, it is sufficient to prove 
(D* B)AN(ANC) C (Be DJ)N(ANC) 


Letxze(D*B)QN(ANC). Thenzg =debwithdeD,beB. But 
on the other hand x <¢ A, therefored*beA. Since B C A, we get 
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be A, hencede A. Since B is normal in A, there exists δ' c B such 
that ὦ = d*b = δ' «d, hence x Ε B αὶ D and finally 


xEe(Be D)N(ANC) 


Q.E.D. 
We therefore have successively 
(ANC «B)/(AN D « Β) 
~ (AN ΟἹ (ἢ « B) 
- (AN ΟΠ (Ὁ * B)N(ANC)) (by prop. 5) 
z~ (ANC)/[(B*eD)N(ANC)] (by formula (12)) 
~ (Cm A)/(B * D) (by prop. 5) 
~ (CO α (Ὁ ἡ Β κα δ) (by (11)) 


This establishes Zassenhaus’ theorem, and hence Schreier’s theorem. 

We have met groups with operators which are not of finite dimen- 
sion, for example the group Z, +. We propose to see when a group 
with operators is of finite dimension. 

We know (83) that if Q, G, * is of finite dimension every strict 
normal chain can be refined into a composition chain. 

Let H be an admissible subgroup of 2, G, * appearing in a normal 
chain of 0,G,+*. If this group H admitted an infinite ascending 
sequence of normal admissible subgroups in H, we could construct 
strict normal chains of 2,G,+* as long as we liked; and ὦ, G, « 
would not be of finite dimension, 

If a group Q, G, « is of finite dimension, the following condition is 
therefore satisfied : 

Emmy Noether’s condition (1882-1935): not one of the admissible 
subgroups of Q, G, * in a normal chain of Q, G, κ admits an infinite 
ascending chain of normal admissible subgroups. In other words: 

If H is a subgroup appearing in a normal chain of 2, G, κε and if 
H, C H, C ...is an ascending chain of normal admissible sub- 
groups of H, there exists n € ὡρ such that H, = H,,, = Η,... =.... 

It is also obvious that the group Q, G, « of finite dimension cannot 
admit an infinite descending chain 


G=G, 9,9 oe 


where each of the G,,, is normal in G,,. 
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Thus every finite-dimensional group satisfies 
Emil Artin’s condition 

If 

Gy 3 Ge D «< 
is a descending chain of admissible subgroups of G,, if G, is a normal 
subgroup of G and if for every 7 € wo, G,;,., is a normal subgroup of 
G,, then there exists n € wy such that G, = G,., = αν. Ξε .... 

Conversely we shall show that: every group Q, G, * simultaneously 
satisfying the conditions of Noether and of Artin is of finite dimen- 
sion. 

In fact, from Noether’s condition, the group G admits (at least) 
one maximal normal subgroup G, (if the normal subgroup N of G is 
not maximal, there exists a normal subgroup N, strictly contained 
between N and G; if N, is not maximal normal, there exists N,, 
etc.... Hence an infinite ascending chain of normal subgroups, 
which is forbidden by Noether’s condition). If G, τὰ {v}, this same 
reasoning remains applicable to it: let G, be a maximal normal 
admissible subgroup of G,. We have thus constructed a chain 

G oO G, 2) Gro 2) " ἅ κα 
~ #F# 
As a consequence of Artin’s condition, there exists n such that 
ΘΟ, = {v}. The chain thus constructed is a composition chain. 

Theorem — A group is finite-dimensional if and only if it satisfies 

simultaneously Noether’s condition and Artin’s condition. 


Revision exercises on Chapter 10 

1, Let V be the real vector space obtained from ordinary space by 
denoting one of its points by 0. 

We know that we can find in V three vectors 6), δ., e, such that 
every x € V can be expressed uniquely as a linear combination of the 
€1; Co; €3, 

2EV; w= xe, + req + 2%e,; (2, 27, αϑε R) 

The base (e,, 62, 65) defines the chain 
V = V, = vet {e;, 6.» 65) 9 Ve = νοῦ {e9, 65} 9 Vz = vet {65} 9 {0} 

This chain is a composition chain of the group with operators 
R, V, +. 


We deduce from this that all the bases of V comprise three elements. 
14 
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2. Generalization of Exercise 1. 

If the vector space V over the skew field K admits a finite base 
€;;---;@,; all the bases of V consist of n elements. (We say that 
dim V = 2.) 

The reader should show that every base defines a composition 
chain consisting of 7 inclusion signs. 

3. Let A and B be two normal admissible subgroups of 2, G, x. 
The chains 

GDA D {fr}, GOBD fr} 
are normal. 

The Schreier equivalent refinements are the chains 
GOB«ADADANBS fy} 
GDIAtBOBIANB DO fy} 

Verify the equivalence of these chains. 

4, Schreier’s method is coarse and blind. It does not take into 
account the particular circumstances of the given chains. In the 
vector space of ordinary space, let P be a vector subspace of dimen- 
sion 2 and D a vector subspace of dimension 1. 

The chains 

V>PD> {0} and VI Ὁ 9 {0} 
are equivalent. 
The Schreier method blindly provides the equivalent chains 


VIP+D3P2PND DO {0} 
V2IP+DID5)PND 2 {0} 
5. If His anormal admissible subgroup of the group with operators 
Q, G, « there exists a normal chain of G including H. 
6. Show that a chain extracted from a normal chain is not neces- 
sarily a normal chain. 
7. Construct normal chains of the cyclic groups 
Z, +; Lo, Τὶ Zs; Ἔ:Δ La: +; Loa, T } Zeo: + 
8. Construct normal chains 
(a) of Klein’s four-group, 
(b) of the symmetric group of degree 3, 
(c) of the quaternion group, 
(d) of the symmetric group of degree 4. 
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9. Prove that Zassenhaus’ theorem implies the second isomor- 
phism theorem. 

10. Construct equivalent refinements of the normal chains 

Zg60 9 ὥριο 9 Zyq D Zz 9 {0} 
Zggo > 4g 9 {0} 
of Zg60- 
11, Find composition chains of the cyclic groups 
Zo, +; Z3, τ; Log, +3 Zeo1, + 

12, Find composition chains of the groups of order 4 (the cyclic 
group and Klein’s four-group). 

13. Can two non-isomorphic groups admit equivalent sequences of 
quotients? (See Ex. 12.) 

14. Find composition chains of the cyclic group of order 6 and of 
the symmetric group of order 3. Compare the sequences of quotient- 
groups. 

15. Find a composition chain of ¥,, for n τὰ 4. 

16. Find a composition chain of /,. 

17. Find composition chains of Ζ:.0. + and #;,°. Compare the 
two sequences of quotient-groups. 

18. A cyclic group of order 2" admits only one composition chain. 

19. Generalize the preceding proposition. 

20. What does the Jordan-Hdlder theorem tell us about a group 
of order p, .p2 where p, and pz are prime numbers? 

21. Find two composition chains of R, R?*?, + (the real vector 
space of 2 x 2 real matrices). 

What is the dimension of this vector space ? 

Do you know any other real vector spaces of dimension 4? 

22. Let Q, G, * be a group with operators. A normal admissible 
subgroup N of G is a maximal normal admissible subgroup of G if 
and only if G/N is simple. 

23. A strict normal chain of a group with operators Q, G, * is a 
composition chain of this group if and only if all the groups of its 
sequence of quotients are simple. 

24, Every finite group with operators admits a composition chain. 
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25. An infinite commutative group without operators does not 
admit a composition chain. 

26. Give counter-examples to show that the hypothesis “‘ without 
operators” is indispensable (in Ex. 25). 

27. Isomorphic groups with operators have the same dimension. 

28. A group with operators which admits a composition chain can 
contain a subgroup which does not admit a composition chain. 

Example.t Denote by Sf (ων) the subgroup of S(w.) whose 
elements are the permutations of w, which are the product of a 
finite number of transpositions; denote by «ὦ (ων) the subgroup of 
(w.) whose elements are the product of an even number of trans- 
positions. 

“7 (ωρ), ο admits as a (unique) composition chain: 


A (wo) > 1) 
where I denotes the identical permutation of a. 
Show that A (ωρ) contains a subgroup which does not admit a 
composition chain. 
In fact, the subgroup of «7 (wo) 


sgp {(4n — 3, 4n — 2)0(4n — 1, 4π) ἢ new} 


is (1) infinite 
(2) commutative, since any two elements of the given generating 
subset commute. The assertion then follows from Exercise 25. 
The reader will see that in a finite-dimensional vector space all the 
vector subspaces are finite-dimensional. 
29. The group Ὁ, + is not finite-dimensional because 


arp (1) ς gxp (55) ς exp (5) ae ς exp (=) Svs. 


is an infinite strict chain of subgroups. 
30. Enunciate the conditions of Noether and Artin in the case of 
a commutative group. 


+ Kurosu, A. G., The Theory of Groups. 
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31. Let N be a normal admissible subgroup of the finite-dimen- 
sional group with operators ὦ, G, «. 
Prove that 


dim G/N = dim G — dim N 
32. Apply the preceding exercise to vector spaces. 


33. Let A be an admissible subgroup and B a normal admissible 
subgroup of a group with operators 2,G,*. Prove that 


dim A + dim B = dim (A + B) + dim (AN B) 


34. Apply the preceding exercise to vector spaces. 

35. Verify the preceding exercise when G is the vector space of 
ordinary space and A, B are vector subspaces of dimension 2 (dimen- 
sion 1 respectively). 

36. What is the dimension of a simple group ? 


Revision exercises on the book 
1, Denote by L,, the set of rationals which can be written as 
terminating decimals in the number system of base πη. Denote by 
K,, + the additive group of these numbers modulo 1. 
(a) In this group, the chain 


{0} C sgp (1) C sgp (01) C sgp (-001) C... 

C egp (00... .001)ς.... 
is an infinite strict chain. 
(b) Find other infinite strict chains of subgroups of K,, +. 
(c) Is the group K,, + finite-dimensional ? 
(ἃ) Show that K,, is the union of the chain shown in (a). 
(6) Show that the multiplicative group of n*th roots of 1, with 
k € wo, is isomorphic to K,, +. 
(f) Let p bea prime number. For every k€ wo: K,, + admits 
one and only one cyclic subgroup of order p*. 
(g) Give an infinite proper subgroup of the additive group of 
terminating decimals modulo 1: Kyo, +. 
(h) Every proper subgroup of K,, + is a finite cyclic subgroup 
whose order is a power of p. 


+ Tr. See Ch. 4, §14, Ex. 6. 
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Clue : let S be a proper subgroup of K,, +; there exists therefore 
an ἢ Ε wy such that 


1ES; O1ES;...; -00...001E8; -00...001¢8 
--ΠΞ----- Ss 


n—l n 
Prove that S = sgp (-00... 001) 
] 
_— 


In the theory of commutative groups we prove that the groups 
K,, + are the only infinite commutative groups all of whose 
proper subgroups are finite. 

(i) The quotient of K,, + by every proper subgroup is iso- 
morphic to K,, +. 

2. What is the subgroup of R, + generated by a pair {a, ὃ) of 

elements of R? (Discuss the different possible cases.) 

3. Let A, * and B,* be groups. Is the group G, ε determined 
when we know that G/A =~ B? (Clue: Z,/Z. Σ ὃ; V/Z. Σ ?, where 
V denotes Klein’s four-group.) 

4. Let M be a set provided with a law * everywhere defined and 
associative, admitting a neutral element v € M. 

Definition: we say that meM is symmetrizable if and only if 
there exists m’ € M such that 


mem =m «xm = v 


Prove that the set of symmetrizable elements of M is a group. 
5. Let E be a finite set provided with a law * which is 
(a) everywhere defined. 
(b) associative. 
(c) να, ὃ, ΕἾ: (ὦ τὰ = b«2) = (a = δ) (right cancellation) 
Va,b,aeE: (κα τὸ αὶ α ὃ) = (a = ὃ) (left cancellation). 
Prove that E, « is a group. 
6, Every finite non-empty stable subset of a group is a subgroup. 
7. Let A, B be distinct maximal normal subgroups of a group G, «. 
We have 
G/A ~ BAB) 
and 
G/B ~ A/(A MB) 
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8. The intersection of two maximal normal subgroups of a group 
is a maximal normal subgroup of each of them. (See Ex. 7.) 

9. Enunciate the Noether and Artin conditions in the case of a 
commutative group. 

10. Write down a composition chain of the vector space R, R, +. 

11. Let K, +,. be askew field. Write down a composition chain 
of the vector space K, K, +. 

12. Every subset of a group isomorphic to a subgroup is itself a 
subgroup. 

13. If a group contains a single subgroup of order 7 € wo, this sub- 
group is characteristic. 

14, Let us provide R x R with the law * defined by 


V(a, 6), (c,d)ER x R: (a,b) * (c,d) = (ad — be, ac + d) 


Is this law associative? commutative? Prove that (0, —1) is a 
left neuter for the law «. 

Show that (0, —1) is not a right neuter. 

Does R x R admit a neutral element for the law *? 

What are the elements of R x R which admit a left symmetric 
with respect to the left neuter (0, — 1)? 


15. Let H, K be subgroups of the group G, *. We have: 


V91,92E€G: (H*g,*K)O(H*g.*K) 4 @ 
ΦΗΣΙ ἘΚ = H*g.*K 


16. Let us denote by R[X], + the group of polynomials in 
the letter X with real coefficients. Which polynomial is the 
neutral element of the group R[X], +? What is the symmetric of 
5X100 _ 3X2 + 1/2? 

17. What is the subgroup of R[X], + generated by the following 
subsets : 


(a) {5X + 2, X2, 5}. 

(b) {1}. : 

(c) {1, X, X2, X3, X4. 

(d) {X}. 

(6) ἘΣ, Ro, ΣΤ 59. Fh. 
(f) {4}. 
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18. What is the vector subspace of R, R[X], + generated by the 
subsets considered in the preceding exercise ? 

19. Prove that the subgroups 

sgp {X, X°, ΧΡ, X7, ΧΡ) and sgp {l, X2, X4, Χθ, X8} 

of R[X], + are isomorphic. 

20. What are the elements of the quotient of R[X], + by sgp {1}? 

21. What are the elements of the quotient of R{X], + by 
sgp {X, X?, X7}? 

22. Hind generating subsets of the group Z[X], +. 

23. Find generating subsets of the group R[X], +. 

24. Denote by #, the set of polynomials in X with real coefficients 
and of degree strictly less than n. Find minimal generating subsets 
of the vector space R, A,, +. 


25. Construct normal chains of the group R[X], +. 


26. Does the group R[X], + satisfy Noether’s condition? Artin’s 
condition ? 


27. Calculate in the group Co, .: 
(5 — 24)-1,¢4-1, (8 + 4¢)7} 
28. Decompose into disjoint cycles: 


| aie ia. oe 
i276 1°86 δ δ᾽ δ. ἃ 18 is 
τον βαρ» Ὁ υϑμμαρνν, 
πο ἃ ἃ ee Oe οἱ αὶ ἃ 
(0) reatiaie ἐν 
νῷ 4 δ 1 
"ἃ 34 αὶ ἢ Ὑ δι. 
Ὁ ale. fa ae 


29. Find a composition chain of S35. 
30. Find a composition chain of «ζ΄. 
31. In the group R/Z, + every rational generates a finite group. 
Is the same true of νῷ + Z? 
32. The skew field of quaternions 2, +,. 
2 = {a + bi + ej + dkta,b,c,deR} 
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We define the laws + and . as follows: 


(a, + byt + 61} + dyk) + (ag + Dot + cof + deok) 
= (α; + Gy) + (by  δοὴλ + (61 + σ4)} + (dy + do)k 
(a, + διὺ + σι} + d,k).(ag + bot + δι] + dak) 
= αχᾶμ — bby — χα — dydg + (a,b, + UE + dz — dycg)t 
Prove that 2, +,. is a skew field. 
33. Find the inverse of the following quaternions: 
1,9, Κ 
34. Calculate 
ἢ), —jt, jk, —kj, ki, —ik, 3,3, k? 
35. Calculate 
(3 + 4¢ — δ) + k)-}, (6) — 3k)? 


(bear in mind the calculation of the inverse of a complex number). 
36. Prove that the polynomial 


x? tJ 


admits an infinity of quaternions as roots.} 

37. Find an isomorphism of the group 2, + onto the additive 
group of polynomials in X with real coefficients of degree <3. 

38. What is the order of the alternating group of degree 6? 

39. Prove that every element of order 21 of Y,, is an even permu- 
tation. Give examples of such elements. 

40. What is the order of the additive group of polynomials in 
X with coefficients in Z, and of degree <n? 

41. What is the order of the additive group of polynomials in X 
with coefficients in Z,, and of degree <n? 

42, Prove that 

Ri*" = {(21, Xa, . ~~, X_) ἢ 2X4, La, .. +5 ἂς Ε Β) 


T Eilenberg and Niven have proved that every polynomial with quaternion 
coefficients admits a quaternion root (1944). 
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is made into a vector space over the reals by the following definitions: 


(a) V(%, αν. +5 Ln); (1, 5,4» 55» Yn) Ε πὰς 
(1, Vo; aa Lp) + (4, Yo ΕΝ Yn) 
= (2, + Yys Va H+ Yas +++ hq + Yn) 
(Ὁ) VreR, V(2%1, %,.-.,%,) E R'**: 
(B15 Lay ......, Bq) = (F2%q, Fa, . +» TE) 
43. Find subspaces of R, R**", +. 
44, Generalize Exercises 42 and 43 in the case of any skew field 
K, +,. whatsoever. 
45. Which of the following subsets of R**" are vector subspaces 
of R, R?*", +: 


(a) {(2y, 2.» .--.» Bq) 3% = 0); 

(Ὁ) {(σι» %o,-.->%_)}% =O and ἃ = 0}; 
(6) {(a 1, %o,..-,%_)$%, =O or 42 ΞΞ 0}; 
(d) {(a, Xa... +5 pq) ἢ ὧι = Xo =... = Ty = Of; 
(6) (οι, tig, - «<5 4) ἢ 2 Ε Zh; 

(f) {(x, BQ, ++ +9 %y) 3 a Q}; 

(g) {(a1, 2» .- +» Χη) ἢ δὶ = —Xo}; 

(h) {(2 2»... .» 24) } 5a, + 3rq = O}. 

46, Let p bea prime number. How many vectors are there in the 
vector space Z,, Z}*", + ? 

47. Prove that the commutativity of addition in a vector space 
follows from the other axioms (clue: expand (1 + 1)(v,; + τα) in two 
distinct ways). 

48. The derivative 

nh Li 
Ὁ : RIX] > R(X]: > agt—> > iag' 
i=0 i=1 
is a linear transformation of the vector space R, REX], +. 
49. The primitive 
§: R[X]> RXR: Fa X'> FLEX R 
i=0 sot tl 


is a linear map of the vector space R, R[-X], + into the vector space 
R, R[X]/R, +. 


es, SR 
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50. Let A, +,. bearing. We have Va,beA: 
(a) —(—a) =a, 
(b) a.(—b) = --(α.ὃ), 
(c) (—a).6 = —(a.6), 
(d) (—a).(—0b) = a.b. 
51. If 
h: A, +,.—~B, +,. 
is a homomorphism of rings, h~1(v) is an ideal of A, +,.. 
δῶ, Let I be an ideal of the unitary ring A, +,.. Prove that if 
lel, thenI = A. 
53. Let I be an ideal of the unitary ring A, +,.. 
an invertible element of A, Il = A. 
54. The only ideals of a skew field K, +,. are K and {0} (the 
trivial ideals). 
55. What are the homomorphisms of a skew field into a ring (see 
Exercises 51 and 54)? 
56. The set of integers {1, 3,5, 7} provided with the product 
modulo 8 is a group of order 4. To what group is it isomorphic? 
57. Let a, ὃ be elements of a group G, *. Prove that if a * ᾧ is of 
finite order, order (b καὶ a) = order (a x b). 
123456 


58. Express ; 4165 ) Ε £, in terms of the generating sub- 


12) (123456 
was { i): (; 3456 )} sal 


59. The set of matrices R”*" is a real vector space. 

(The inner law is the matrix addition; the outer law is the multi- 
plication of matrices by a real number.) 

60. An inner law everywhere defined in a set Εἰ can be regarded as 
a function Εἰ x ἘΦ — E. 

Every function P + E where P C E x E is called an inner law 
inside E. 

Subtraction is an inner law inside w ; it is not everywhere defined. 

Subtraction is an inner law everywhere defined in Z. 

61. The union of a chain of simple groups is a simple group. 

62. The set of elements of /{1, 2, 3, 4} which leave invariant the 
polynomial 2,27, + ἂς is a non-normal subgroup of order 6 of /,. 


If I contains 
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Is this group isomorphic to ὥς, + or to the group #3, οἵ 

63. Let G, * be a group; let geG. Show that order (g) = order 
(9). 

64. Let ἃ, κ be a group. If G contains only one element of order 
2, this element belongs to the centre of G. 

65. Give an example to show that the quotient of a group by its 
centre can have a centre #{v} 

66. The quotient of a non-commutative group by its centre is not 
cyclic. 


67. Ifthe centre Z, of the group G, καὶ consists of only one element, 
the centre of the group of automorphisms Auto (G) of G also reduces 
to a single element. 

Solution: Let f € Zaye) (with f distinct from the identical auto- 
morphism), then there exists σε α such that f(g) # g. Since 
FE Zantyqy, f commutes with the inner automorphism g.: 


Fogrm gs of 


VeeG: (feg.)(z) = (g.of)(a) 

or: VaeG: f(g.(x)) = 9.(f(%)) 

or: VaeG: figex*g) =g*f(x) ἡ 

or: VzeG: 19) *f(@) » (Ὁ) = 9 *f(@) * 9g 
or: VzeG: f(g) *f(x)*f(g) = g*f(z)*¢g 


Then we have 
VaeG: g* f(g) * f(x) = f(x) * 9 * fg) 
Now: (1) {f(z)}«#eG}=G (since f is projective) 
(2) g*f(g) Av (by hypothesis) 
It follows that v τὰ ὅ κα f(g)EZq # {v}. 


i.e. 


Q.E.D. 

68. Write down the quotient of the two groups of order 4 by a 
subgroup of order 2. 

69. Prove that, up to isomorphism, there are only two groups of 
order 6: the cyclic group of order 6: ὥς, + and the symmetric group 
of degree 3: Fs, ο. 

70. Each of the two groups of order 6 contains one (and only one) 
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normal subgroup isomorphic to Z,, +. The quotient of Z, by this 
subgroup is isomorphic to the quotient of “, by the subgroup in 
question. 
71. A group G, « is said to be complete if and only if 

(a) Zq = {7}. 

(b) Every automorphism of G, * is inner. 

Show that every complete group is isomorphic to its group of 

automorphisms (see Revision exercises on Ch. 7, Ex. 87). 


72. Normalizer 
Let P be a subset of the group G, *. We define the normalizer of 
P in G, denoted by Np, to be the set of elements of G which commute 
with P: 
Np = {geGigeP = Pg} 


Prove that Np is the largest subgroup of G of which grp P is a 
normal subgroup. 


73. If in the preceding definition we consider a subset P reduced 
to a single element: P = {p}, we call Ν᾿») the normalizer of the 
element p and by an abuse of notation we write it N,. 

Prove that the normalizer of every element p of G contains the 
element 7p: 

VpeG: peN, 
74. The normalizer of every subgroup § of G contains 8:8 C Ng. 
75. Let P be any subset of Klein’s four-group. Np =... ? 


76. Find the normalizer of sgp { [: )} in δῇς. 


77, (a) Find the normalizer of the element (; : :) in Ws. 


ῷ 
(Ὁ) Find the normalizer of sgp { : i)} in Ss. 
78. The normalizer of every subgroup S of G is the maximum 
subgroup of G in which § is normal. 
From this deduce that: N, = G<=.... 


79. Centralizer 
We define the centralizer Z, of the subset P of the group G, * to 
be the set of elements of G which commute with every element of P. 
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Hence 
Zp ={geGiVpeP: gxp=p*g} 
Prove that Zp is a subgroup of G, εκ. 
80. Determine Zp for every subset P of the four-group. 
81. What is the centralizer of the following subsets of 3: 


(G13) 
039) 


82. As for the normalizer, we define the centralizer of an element 
p of the group G, «. 
Prove that 
(a) VpeG: Z,=N;,; 
(b) VPEAG: Zp C Np. 
(c) The centre of a group is the centralizer of the improper 
subset of the group. 
83. Give an example to show that the centralizer of a subgroup of 
a group does not necessarily contain this subgroup. 
84, Let P be a subset of the group G, *. Prove that 
Zp - 1) Rs 
peP 
85. Let S be a subgroup of the group G,*. Prove that Z, is a 
normal subgroup of Ng. 
86. The centralizer of a subset P of a group equals the centralizer 
of sgp P. 
87. Denote by Gi,(R) the multiplicative group of real invertible 
2 x 2 matrices. Show that 


{(0 1): (6 -1)} 


is a subgroup of G/,(R) which is not normal. 


88. The centre of a group is a commutative subgroup of this 
group. Give an example to show that a commutative subgroup of 


REVISION EXERCISES 205 
a group is not necessarily contained in the centre of the group. 
(Clue: consider the simple group Ws, °.) 
89. Two subsets X, Y of the group G, καὶ are said to be conjugate 
and we then write X ~ Y if and only if there exists an inner 
automorphism of G which maps X onto Y. We then have: 


YVX,YeEeP%G: (X~ ¥)+(ageG: gxeX#gG = Y) 


90. Show that the relation ~ defined in the preceding exercise is 
an equivalence} defined in AG. 

All the elements of an equivalence class have the same cardinal. 

91. Let X be a subset of the group G,+*. Show that 


#{P e PG} P ~ X} = (G: Nyx) 


where (G : Nx) is the index of the normalizer of X in ἃ. (Clue: 
9, ἘΝ * Gy = Jo * X * Gog, * Nx = go* Nx. Deduce from this 
that the number of subsets conjugate to X is equal to the index of 
Nx in G.) 

92. Two elements of the group G, * are said to be conjugate if and 
only if this is so of the subsets containing a single element which 
they define. The relation thus defined in G is again denoted by ~ 
and is an equivalence. 

The class of the element x in this equivalence is a singleton + 
2 € Zq. 

Two conjugate elements have the same order. 

93. What is the partition defined by the group of inner auto- 
morphisms in the following groups: 

(1) Klein’s four-group ; 

(2) Sg, °; 

(3) the quaternion group. 

94. A subset P 4 @ of a group G, « is a subgroup of G if and 
only if P is a stable subset of G which contains the symmetric of each 
of its elements. 

95. Let R, V, + bea real vector space. Prove that 


V-R:v—-0 
is a linear map. 


ἡ Tr. See Appendix. 


3... ae he, φῆ ς, we 
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96. Let R, Οὐ, + be the real vector space of continuous functions 
with real values defined on the segment [a, Ὁ] C R. 

Prove that the map 


ὃ 
O+R:f—> | ro dt 


is a linear map. 

97. The only homomorphism Ὁ, + —> Z, + is the null homo- 
morphism. (Clue: consider the image of 1.) 

98. ‘There exists an epimorphism of the group Q7, . onto the group 
4,+. (Clue: every σε Q¢ is of the form 2?.¢’ where ze Z and 2 
does not divide either the numerator or the denominator of q'.) 

99. The set of prime numbers is a minimal generating subset of the 
group Qo, .. 

100. Every group with a finite generating subset is denumerable. 

101. We have determined (Chapter 8) for every permutation a 
canonical decomposition into the product of transpositions. Prove 
that the number of transpositions in the canonical decomposition of 
a permutation is less than or equal to the number of transpositions 
ἴῃ every decomposition of this permutation. (Clue: it is advisable 
to use the proof of the “parity ’’ theorem.) 

102. Let ὦ, G, * be a commutative group with operators. Prove 
that the set of admissible endomorphisms of this group with 
operators is a subring of the ring of endomorphisms of the group G 
(see Revision exercises on Ch. 7, Ex. 106). 


103. Let A, B be normal subgroups of the group G, *. Prove: 
(AN B= νὴ = (VaeA, VbeB: axb =bxa) 
(Clue: we have 


VaeA,VbeB: a«xb«é =B since B is normal: therefore: 
VaeA,VbeB: axbexaxbeB 
Prove similarly that α *b*d@* be A.) 


104, Let G, καὶ beagroup. The order of every homomorphic image 
of G divides the order of G. 
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105. Denote by V the set of matrices 


{ ¢ ; “τ )iabeeRs ἐδ = -1} 
a+ bi —¢ 


(it is the set of 2 x 2 hermitian matrices of null trace), 


Show that R, V, + is a (real) vector space. 
Prove that the PauLi matrices 


tC o} (F “o> (0 -1) 


form a minimal generating subset of this vector space. 


Construct composition chains of R, V, +. 

106, Let C be a normal chain of a group with operators Q, G, «. 
Denote by &(C) the Schreier refinement of C. What can we say 
about Z2(C) = #(B(C))? 

107. A normal chain of a group G, « is strict if and only if the 
sequence of quotients of this chain does not contain a group iso- 
morphic to {r}. 

108. Every finite group is of finite dimension. 

109. Principal chain. 

Let ὦ, G, ε be a group with operators. Every composition chain 
of G 

G=G,9G,9 ... 96, 3 G1 =} 
such that 
Vie{l, 2,...,% + 1}: G, is a normal admissible subgroup of G, is 
ealled a principal chain of ἃ. Show that if Οἱ admits a principal 
chain, 2 principal chains of G are equivalent (apply the Jordan- 
Hélder theorem by providing G with a suitable set of operators). 

110. Define the concepts of a characteristic chain and an endo- 
stable chain of a group. Enunciate the corresponding Jordan- 
Hdélder theorems, 

111. In hamiltonian groups, the concepts of “composition chain” 
and “principal chain” are identical (see Revision exercises on Ch. 7, 
Ex. 57). 

112. Solvable groups. 

Denote by G’ the derived group of the group G,*. Denote 
further: ΟἿ = (G')',..., G@@t* = (G*y’,.... 

We say that the group Οὗ, κ is solvable when there exists a k € wo 


such that G* = {y}. 
15 
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113. Every subgroup of a solvable group is solvable. 

114, Every quotient of a solvable group by a normal subgroup 
H is solvable. (Clue: prove that for every new, (G/H)" ~ 
(H « ΘΕ.) 

115. If G, * is a solvable group, 

πῦον... FP * 2 rah 
is a normal chain of G whose sequence of quotients consists of com- 
mutative groups (see Revision exercises on Ch. 7, Ex. 92, (c) and (g)). 

116. If the quotient G/H of G by a solvable normal subgroup H is 
solvable, then G is solvable. 

117. A group is solvable if and only if it admits a normal chain 
whose sequence of quotients consists of commutative groups. 

118. Pick out the solvable groups amongst the following groups : 

(a) Klein’s four-group ; 

(b) S 2, G5 

(c) S 4; o; 

(d) Fs, 0; 

(6) /,,°, with n > 5; 

(f) the quaternion group ; 
(g) Z, +. 

119. Let G, * be a group. Study the law 


Ἐ:Ο ΧΑ -»6.: (α, ν) -οῖα κ ἢ 
Is it everywhere defined, associative? Does it admit a left neuter, 
right neuter? Do there exist x, y such that 
azex=b=y*ta 


120. The group of isometries is not divisible. 
121. Let G, * be a group andaeG. Prove that the law 
T:GxG+>G:(¢%,y)>xrtary 
makes G into a group. 
122. For what values of n is the group &,, ο divisible? 


123. Let V, + be the group of translations of the plane. Study 
the law 
T:V+V—V: (a, y) > da + y) 
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Is it everywhere defined, associative, idempotent, commutative ? 

Show that the law T does not admit a neutral element. 

124. Generalize Exercise 23 to the case of a group “‘with unique 
division”’ (see Chapter 3, 811). 

125. Dihedral groups 

Denote by 8 the set of vertices of a regular n-agon with centre 0. 
Let s be a symmetry with respect to a straight line containing 0 and 
and a vertex of the polygon. 

Show that the set 

Z, ὦ (8° Z,) 


is a subgroup of order 2n of (8). 
Z, ὦ (8° Z,) is called the dihedral group of order 2n. 
Z,, is a normal subgroup of the dihedral group of order 2n. 
The dihedral group of order 2” is isomorphic to the subgroup 


(fl 23...n—l1_” 1 2 8...» -1π 

iQ sa. n " tetas oat acco Lok 1 ")} 
of, “ὅπ, 

126. Free group of a set. 

Let E be a set. We propose to construct what we call the free 
group of E, the importance of which will be shown by Exercise 130. 

To this end we first construct a set E~* with the same cardinal as 
E and disjoint from E. We fix a bifunction 


b:E—E-}; 

for every x € E, we denote by «τ the image b(x) by the bifunction. 
The element x~* is called the formal inverse of x and E~? is the set 
of formal inverses. 

We make the following definitions: 

Definition 1. Every finite sequence of letters of ἘΠ ὦ E-* is called a 
word. 

Definition 2. The empty sequence is called the empty word and is 
denoted by 1. 

Definition 3. Every word such that no letter x comes next to its 
formal inverse x~+ is called a reduced word. 

Definition 4. The number of letters contained in a reduced word is 
called its length or degree. 
In particular the empty word is the only reduced word of degree 0. 
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Denote the set of reduced words in the letters of Εἰ ὦ ἘΠ} by m. 
We make δὲ a group by providing it with the binary inner law of 
composition © defined as follows: given two reduced words M,, Μὰ 
we define the product of M, and M,, denoted by M, @ Mg, to be the 
reduced word obtained by the juxtaposition of M, and M, and, when 
they arise, cancellations of r @ 2-1 and 2-1 @z. 

Prove that M, (Ὁ isa group. We call it the free group of E and 
denote it by #(E). 

Note that for every x Ε E, the inverse element of x in L(E) is 
equal to its formal inverse. 

δὰ We define the rank of the free group of E to be the cardinal 
of E. 

Every free group of finite rank is denumerable and the cardinal of 
a free group of infinite rank equals its rank. 

128. Every free group of rank 1 is isomorphic to Z, +. 

129. Every free group of rank > 1 is non-commutative. 

130. Every group is isomorphic to a quotient of a free group. 

In fact let G, « be a group and let P be a generating subset of G. 

Denote the elements of P by p,, p,,.... 

Let E be a set with the same cardinal as P. We fix a bifunction: 


b:P—>E. 
Prove that the map 


h: 2(E) —> G : (pe) (Ὁ b(pi2) (Ὁ... Ob(pén) —> per αι ps2 #... * Doe 


(with Vie {1,2,...,m}: δὶ = +1) is an epimorphism of groups. 
The homomorphism theorem for groups tells us that 


“τ το) ~ α 


131. Every group which admits a finite generating subset with n 
elements is isomorphic to a quotient of a free group of rank n. 


Appendix 


Throughout this work we use some logical symbols asabbreviations., 
Thus, = means: “implies”, and <> means: “if and only if”. We 
make systematic use of the logical symbols V (for every) and 3 (there 
exists). 

We sometimes use the symbol >— for “such that”. 

We indicate that the element a belongs to the set E, by writing 
αε Ἐς Ifthe contrary is true we write a ¢ E. 

The expression A C B signifies that the set A is included in the 
set B, i.e. that every element of A is an element B. 

If P C BE, we say that P is a subset of E, and WE denotes the set 
of subsets of E. 

The term A ἡ B denotes the intersection of the sets A and B, i.e. 
the set of elements which belong at the same time to A and to B. 

The term A U B denotes the union of the sets A and B, i.e. the 
set of elements which belong to one (at least) of the sets A and B. 

The term A\.B denotes the set of elements of A which are not 
elements of B. 

We put A ΔΒ = (A\B) U (B\ A). 

The empty set is denoted by @. 

The term {x} P(a)} reads “the set of « such that P(x)” and 
denotes the set of elements x satisfying the property P. 

By {a, ὃ, c} we mean the set formed by the elements a, ὃ, ¢. 

We denote by (a, δ) the pair with origin α and end-point 6. Thus 


(a, ὃ) = (c,d) <> (a = cand ὃ = d) 


The pair (6, a) is called the inverse of the pair (a, 6). 

A relation r is defined as a set of pairs; its domain is the set of 
origins of its pairs and its image is the set of their end-points. 

In particular A x B is the set of pairs whose origins belong to A 
and whose end-points belong to B. 

A relation of A to B is a subset of A x B. 

A function f : A-> B (or map of A into B) is a relation of A to B 
such that every element of A is the origin of one and only one pair 
of f. 

The inverse r~1 of the relation r is the set of inverses of pairs of r. 
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A function f : A + B is said to be injective if ar vi 

. re : jective if and only if no element 
of B is the end-point of eS Je Υ len 
δοϊοοιϊοι point of two distinct pairs of f. (We then say f is an 

A function f : A—> B is said to be projective i : 
yee projective if and only if eve 

Ἐπ of B is the end-point of (at least) one pair of f y if every 
iff syne f i A 2 B is we a bifunction or bijection if and only 
x * - : | on — Ε] 1.6. if a d nl 1 7 * : 
injective and projective. ee τὸ an oe ase ες 
Pie by ὁ the product of the relations r and 8 to be the relation 


sor = {(a,c)}Iib:(b,c)es and (a, δ) er} 


i.e. the set of pairs (a, c) for which there exi 
the ; | xists an 6] th 
(2, δ) is a pair of r and (b,c) a pair of 8. nytt acu 
By a transformation of a set E we mean every function E —> E. 
τ 5 ae pa of a set E we mean every bifunction E > E. 
ὧν ἢ Ris. ay cog by f(a) the end-point of the pair of f 
gin. © él a) is ὃ | or t. 
revi ρόαι αὶ ement f(a) is the value of f at a or the 
If f: A+B and g: B—C, we ha | 
: , ave (gof)(a) = ; th 
9 = = {(α, 9(f(a)) } a ε A}. riaiakeme, 
i: f PC A, the set of images by f of the elements of P is called the 
image of P by f and we denote it by fP. 
τωρ ed “wen } p © P}. 
or every Q C B we put f-1Q = {fe Ai f(r)eQ 
bees say that f~*Q is the inverse image of Q by f. 
͵ tes = a bifunction A —> B we say that the sets A and B 
ry ‘a i? nt, or that they have the same cardinal, and we write 
The above notations have been used i 
| flexibly, and we ha 
BP iit: sed very y; we have 
sia ee some abuses of notation and language as described 
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A set which is equipotent wit ἴω μοὶ 
to be denu muha. pane Wate te δὲ ὦ οὕ μοδυτοὶ integers is said 
sane? ρθε νν e B->C: (a, b) +f (a, δ) = reads “the 
“On J Of A x B to C maps the el ἊΣ 
element f (a, ὃ) = ¢ εἰ 0”. ps the element (a,b) ΕΑ x B to the 
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Let S be a set. 
A partition Π of S is any collection of subclasses A, B, C,...o0&8 


such that each element of S belongs to one and only one of the 
subclasses of the collection. 


A relation x ~ y, defined in 5, and which is 

1. reflexive, i.e. « ~ x for all ᾧ Ε 5. 

2. symmetric, 1.6. ἃ ~ yy ~ &, 

3. transitive, ie. (29 ~y and y~z)> 2~z is called an 
equivalence. 

It defines a partition of S into equivalence classes. x and y 
belong to the same equivalence class if and only if # ~ y. 

The relation < is anti-symmetric if and only if (# < y and 
y¥< αὐτὸ ᾧ = ψ. 

A (partial) ordering is reflexive, anti-symmetric and transitive. A 
set provided with a (partial) ordering < is called a (partially) ordered 
set. 
A (partially) ordered set 8 such that for every x, ye S, either 
a < yor y «Ὁ is called a totally ordered set, and the relation < is 
then said to be a total ordering. 

A lexicographic ordering of a set ὧμ is defined as follows : ἀμ, < Gy 
whenever | comes before r in the alphabet. If] = r, then a, < a, 
if m comes before 8 in the alphabet. 


Let O be a fixed point. If P is a variable point on a fixed curve 8 
and P’ is a point on OP such that a = k (constant), then the 
locus of Ῥ' is a curve 8’ which is said to be homothetic toS. See the 
diagram. Such a relation is called a homothety or similarity. O is 
the centre of similitude. If k = O, 8’ coincides with the point Ὁ. 


This is called the constant homothety. 
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The symmetric difference of A and B is represented by the 
areas surrounded by the red line. 
(See Ch. 2, §5 (f).) 
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line, and (A A B) AC = A A (B A C) by the green line. 
(See Ch. 2, $5 (£).) 
An exercise on the solubility property of groups. Find 
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(See Ch. 1, §3 (¢).) 
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(See Ch. 2, §5 (£).) 
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of a permutation group. An element of the group is 
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F: 
(See Ch. 5, §5. Ch. 7, Ex. 109 (3).) 
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